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PKEFACE. 



The object of the present volume is to teach the principles 
of the Differential Calculus, and to shew the application of 
these principles to several interesting and important inquiries, 
niore particularly to the general theory of Curves and Surfaces. 
Throughout these applications I have endeavoured to preserve 
the strictest rigour in the various processes employed, so that 
the student who may have hitherto been accustomed only to 
the pure reasoning of the ancient geometry will not, I think, 
find in these higher order of researches any principle adopted, 
or any assumption made, inconsistent with his previous notions 
of mathematical accuracy. If I have, indeed, succeeded in 
accomplishing this very desirable object, and have really 
shewn that the applications of the calculus do not necessarily 
involve any principle that will not bear the most scrupulous 
examination, I may, perhaps, be allowed to think that I have, 
in this small volume, contributed a little towards the perfect- 
ing of the most powerful instrument which the modern ana- 
lysis places in the hand of the mathematician. 

It is the adoption of exceptionable principles, and even, 
in some cases, of contradictory theories, into the elements of 
this science, that have no doubt been the chief causes why it 
has hitherto been so little studied in a country where the 
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VI. PREl'ACE. 

ancient geometry has been so extensively and so successfully 
cultivated. The student who proceeds from the works of 
Euclid or of Apollonius to study those of our modem analysts, 
will be naturally enough startled to find that in the theory 
of the differential calculus he is to consider that as absolutely 
nothing which, in the application of that theory, is to be 
considered a quantity infinitely small. He will naturally 
enough be startled to find that a conclusion is to be taken 
as general, when he is at the same time told that the process 
which led to that conclusion has failing cases; and yet one 
or both of these inconsistencies pervade more or less every 
book on the calculus which I have had an opportunity of 
examining. 

The whole theory of what the French mathematicians vaguely 
call consecutive points and consecutive elements involves the first 
of these objectionable principles;* for, if the abscissa of any 
point be represented by x, then the abscissa of the con- 
secutive point, or that separated from the former by an 
infinitely small interval, is represented by a; ^ dx, although 
dx, at the outset of the subject, is said to be 0. Again, the 
theory of tangents, the radius of curvature, principles of 
osculation, &c., are all made to depend upon Taylor's theo- 
rem, and therefore can strictly apply* only at those points of 

* It is to be regretted that terms so vague and indefinite should be intro- 
duced into the ejeact sciences ; and it is more to be regretted that English 
elamentary writers should adopt them merely because they are used by the 
French, and that too without examining into the import these terms cany 
in the woiks from which they are copied. In a recent production of the 
University of Cambridge, the author, in attempting to follow the French 
mode of solving a certain problem, has confounded consecutive points with 
consecutive elements, two very distinct things : although neither very in- 
telligible, the consequence of this mistake is, that the result is not what 
was intended ; so that, after the process is fairly finished, a new counter- 
balancing error is introduced, and thua the solution righted ! 






PREFACE. Vli. 

the curve where this theorem does not fail : the conclusiong, 
however, are to be received in all their ^nerality.* 

If this statement be true, it is not to be wondered at that 
students so often abandon the study of this science, less dis- 
couraged with its difficulties than disgusted with its incon- 
sistencies. To remove these inconsistencies, which so often 
harass and impede the student's progress, has been my 
object in the present volume; and, although my endeavours 

* I am anxioiu not to be miaandeTBtood here, and ihall therefore state 
specifically the nature of my objection. In establishing the tbeoiy of 
contact, <fec., by aid of Taylor's theorem, it is assomed that a valoe may be 
gt^en to the increment h so small as to render the term into which K enters 
gnreater than all the following terms of the aeriea taken together. Now 
how can a fiinction of absolately indeteraUnate qoanttties be shewn to 
be greater or less than a series of other functions of the same indeter- 
minate quantities without, at least, assuming some determinate relation 
among them? If we say that the assertion applies, whatever particular 
value we snbstitnte for the indeterminate in the proposed functions or 
difierential coefficients, we merely shift the dilemma, for an indefinite 
number of these particular values may render the functions all infinite ; and 
we shaU be equally at a loss to conceive bow one of these infinite quantities 
can be gpreater or less than the others. It appears, therefore, that the usual 
process by which the theory of contact is established, applies rigorously only 
to those points of curves for which Taylor's development does not fail, and 
I cannot help thinking that on these grounds the Aimiytical TAeory of 
Funeiions, by Lagrange, in its application to Geometry is defective, although 
I feel anxious to express my opinion of that celebrated performance with 
all becoming caution and humility. Indeed Lagrange himself has admitted 
this defect, and observes, (TMorie des Fonctiont, p. 181,) ** Quoique ces 
exceptions ne portent aucune atteinte a la th^rie gi^n^rale, 11 est n^es- 
salre, pour ne rien laisser a desirer, de voir comment elle doit ^tre modifier 
dans les cas particuliers dont il s'agit." (See note C at the end.) But 
he has not modified the expression deduced from this exceptionable theory 
for the radius of curvature, which indeed is always applicable whether the 
differential coefficients become infinite or not, although, for reasons already 
assigned, the process which led to it restricts its application to particular 
points. 
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may not have entirely succeeded, I have still reason to hope 
that they have not entirely failed. The following brief out- 
line will convey a notion of the extent and pretensions of the 
book ; a more detailed enumeration of the various topics 
treated of will be found in the table of contents. 

I have taken for the basis of the theory the method of 
limits first employed by Newton, although designated bj 
foreign writers as the method of d'Alembert. I consider 
this method to be as unexceptionable as that of Lagrange, 
and, on account of its greater simplicity, better adapted to 
elementary instruction. 

The First chapter is devoted to the exposition of the 
fundamental principles; and in explaining the notation f 
have been careful to impress upon the student's mind that 
the differentials dx, dy, &c, are in themselves absolutely of 
no value, and that their ratios only are significant : this b 
the foundation of the whole theory, and it has been adhered 
to throughout the volume, without any shifting of the hypo- 
thesis. 

In the Second chapter it is shewn, that iifx represent any 
function of x, and x be changed into x ^h, the new state 
f(x -f h) of the function may always be developed according 
to the ascending integral powers of the increment hi and thi» 
leads to the important conclusion that the coefficient of the 
second term in the development of the function f(^x + i^) is 
the differential coefficient derived from the function yir ; a fact 
which Lagrange has made the foundation of his theory of 
analytical functions. The chapter then goes on to treat of 
the difFerentiation of the various kinds of functions, algebraic 
and transcendental, direct and inverse, and concludes with 
^icle on successive differentiation. 

an^ y^^^^ chapter is devoted to Maclaurin's theorem^ and 
Ppiication is shewn in the development of a great variety 
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PREFACE. ix. 

of functions. Occasion is taken, in the course of this chapter, 
to introduce to the student's attention some yaluable analy- 
tical formulas and expressions from Eulery Demowre^ Cotes, 
and other celebrated analysts, together with those curious 
properties of the circle discovered by Cotes and Demoivre. 

The Fourth chapter is on Taylor*s tkeorenif which makes 
ksown the actual development of the function f{x^h) 
according to the form establidied in the second chapter. 
From this theorem ore derived commodious expressions for 
tlie total differential coefficient when the function is com* 
plicated, and whether its form be explicit or implicit; Ae 
wMe being illustrated by a variety of examples. ^ 

The Fifth chapter contains the complete theory of vanishing 
fractions. 

The Sixth is on the maxima and minima values of functions 
of a single vanablei and will, I tlunk, be found to contain 
8e?eral ^r^inal xemarics and improved pcoceases. v 

Chapter the Seventh is on the differentiation and develop- 
ment of functions of two independent variables. The usual 
method of obtaining the development of a function of two 
variables according to the powers of the increments, is to 
develop first on the supposition that x only varies and that y 
ifl constant, and afterwards to consider y, which is €usumed 
to enter into the coefficients, to be changed into y + A. But 
y may be so comlmied with x in the function F(x, y) that it 
shall, when considered as a constant, disappear from all the 
differential coefficients, which circumstance should be pointed 
out and be shewn not to affect the truth of the result : I 
have, however, avoided the necessity of shewing this, by 
proceeding rather differently. The chapter concludes with 
Lagrcmge's Theorem^ concisely demonstrated and applied to 
several examples. 

The Eighth chapter completes the theory of maxima and 
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minima, by applying the principles delivered in chapter VI. to 
functions of two independent variables, and it also contains 
an important article on changing the independent variable, 
a subject very improperly omitted in all the English books. 

The Ninth chapter is devoted to. a matter of considerable 
importance, viz. to the examination of the cases in which 
Taylor's theorem fails; and I have, I think, satisfactorily 
shewn, that these failing cases are always indicated by the 
di£Perential coefficients becoming infinite, and that the theo- 
rem does not fail when these coefficients become imaginary, 
as Lacroix, and others after him, have asserted^ Besides the 
correction of this erroneous doctrine, which has been sanc- 
tioned by names of the highest reputation, another very re- 
markable oversight, though of far less importance, is detected 
in the Calcul des Fonctions of Lagrange, and is pointed out j 
in the present chapter : it has been unsuspectingly copied 
by other writers ; and thus an entirely wrong solution to a 
very simple problem has been printed, and reprinted, with- 
out any examination into the principles employed in it; and 
which, I suppose, the high reputation of Lagrange was con- 
sidered to render unnecessary. 

These nine chapters constitute the First Section of the 
work, and comprise the pure theory of the subject; the re- 
maining part is devoted to the application of this to geome- 
try, and is divided into two parts, the first containing the 
theory of plane curves, and the second the theory of curve 
surfaces, and of curves of double curvature. 

The First chapter in the Second Section explains the method 
of tangents, and the general differential equation of the tan- 
gent to any plane curve is obtained by the same means that 
the equation is obtained in analytical geometry, and is there- 
fore independent of the failing cases of Taylor's theorem. 
The method of tangents naturally leads to the consideration 
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of rectilinear asymptotes, which is, therefore, treated of in this 
chapter, and several examples are given, as well when the 
curve is referred to polar as to rectangular coordinates, and 
a few passing observations made on the circular asymp- 
totes to spiral curves, the chapter terminating with the dif- 
ferential expression for the arc of any plane curve determined 
without the aid of Taylor's theorem. 

The Second chapter contains the theory of osculation, which 
is shewn to be unaffected by the failing cases of Taylor's 
theorem, although this is employed to establish the theory. 
The expressions for the radius of curvature are aflerwaids 
deduced, and several examples of their application given 
principally to the curves of the second order, and an instance 
of their utility shewn in determining the ratio of the earth's 
diameters. 

The Third chapter is on involutes, evolutes, and consecu- 
tive curves, and contains some interesting theorems and prac- 
tical examples. Of what the French call consecutive curves, 
I have endeavoured to give a clear and satisfactory explana- 
tion, unmixed with any vague notions about infinity. 

The Fourth chapter is on the singular points of curves, and 
contains easy rules for detecting them, from an examination 
of the equation of the curve. This chapter also contains the 
general theory of curvilinear asymptotes, and completes the 
Second Section, or that assigned to the consideration of plane 
curves. 

The Third Section is devoted to the general theory of curve 
surfaces, and of curves of double curvature ; in the First chap- 
ter of which are established the several forms of the equations 
of the tangent plane and normal line at any point of a curve 
surface, and of the linear tangent and normal plane at any 
point of a curve of double curvature. 

In the Second chapter the theory of conical and cylindrical 
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surfaces is discussed, as also that of surfaces of revolution; 
and that remarkable case is examined, where the revolutioB 
of a straight line produces the same surface as the revolutin 
of the hyperbola, to which this line is an asymptote. Througb* 
out this chapter are interspersed many valuable and intenit- 
ing applications of the calculus, chiefly from Monge. Ihe 
Third chapter embraces the theory of the curvature of sur&ca 
in general, and will be found to form a collection of verj 
beautiful theorems, the results, principally, of the researdiei 
of Euler, Monge, and Dupin. Most of these theorems have, 
however, usually been established by the aid of the iftfifdUd- 
tnal calculus, or by the use of some other equally objectkm- 
able principle; they are here fairly deduced firom the prin- 
ciples of the differential calculus, without, in any instance, 
departing from those principles, as laid down in the prelimi- 
nary chapter. Those who are familiar with these inquiries 
will find that I have obtained some of these theorems in a 
manner much more simple and concise than has hitherto been 
done. I need only mention here, as instances of this sim- 
plicity, the theorems of Euler and of Meusvier^ at pages 179 
and 184. 

The Fourth chapter is on twisted surfaces, a class of sur- 
faces which have never been treated of, to any extent, by 
any English author, although, as has been recently shewn, 
the English were the first who noticed the peculiarities of 
certain individual surfaces belonging to this extensive class*. 
For what is here given, I am indebted to the French mathe- 
maticians, to Monge principally, and also to the Chevalier Le 
Roy, who has recently published a very neat and comprehen- 
sive little treatise on curves and surfaces. 

The Fifth chapter treats on the developable surfaces, or 

* See i^yboMT/i'f JSeyw iVoryy No. 22. 
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those which, like the cone and cylinder, may, if flexible, be 
unrolled upon a plane, without being twisted or torn. The 
Sixth chapter is on curves of double curvature; and the 
Seventh, which concludes the volume, contains a few miscel- 
laneous propositions intimately connected with the theory of 
surfaces. From the foregoing brief analysis, it will appear 
evident to those familiar with the present state of mathema- 
tical instruction in this country, that I have introduced, into 
a little duodecimo volume, a more comprehensive view of the 
theory and applications of the differential calculus than has 
jet appeared in the English language. But I have aimed at 
more than this; I have endeavoured to simplify and improve 
much that I have' adopted from foreign sources; and, above 
all, to establish every thing here taught, upon principles free 
from inconsistency and logical objections; and if it be found, 
upon examination, that 1 have entirely flEiiled in this en- 
deavour, I shall certainly feel a proportionate disappoint- 
ment. 

I am not, however, so sanguine as to look for much public 
encouragement of my labours, however successfully they may 
have been devoted : it is not customary to place much value, 
in this country, upon any mathematical production, of what- 
ever merit, that does not emanate from Cambridge. The 
hereditary reputation enjoyed by this University, and be- 
queathed to it by the genius of Barrow, of Newton, and of 
Cotes, seems to have endowed it with such strong claims on 
the public attention and respect, that every thing it puts 
forth is always received as the best of its kind. If this be 
the case with Cambridge books, of course it is also the case 
with Cambridge men, and accordingly we find almost all our 
public mathematical situations filled by members of this 
University. It is true that now and then, in the course of 
half a century, we find an exception to this; one or two in- 
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Stances on record have undoubtedly occurred, where it has 
been, by some means or other, discovered that men who had 
never seen Cambridge knew a little of mathematic^y as in the 
case of Thomas Simpson^ 2Lnd of Dr. Hutton ^ but such in- 
stances are rare. If is not for me to inquire into the justice 
of this exclusive system ; but, while such a system jMrevails, 
tliere need be little wonder at the decline of science in 
England : while all inducement to cultivate science is thus 
confined to a particular set of men, no wonder that its vota- 
ries are few. It is to be hoped, however, that in tbe present 
'^ liberal and enliglxtened age,*' such a state of things witt not 
long continue, and that even the poor and unfriended studest 
may be cheered up, amidst all the obstacles that surroimd 
him, in the laborious and difficult, but sublime and elevating 
career on which he has entered, by a well-founded assurance 
that his exertions, if successful, will not be the less appre- 
ciated because they were solitary and unassisted. 



May 12, 1831. 

J. R. YOUNG. 
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DIFFERENTIAL CALCULUS. 



SECTION I. 

ON THE 

DIFFERENTIATION OF FUNCTIONS IN GENERAL. 



CBAVTBlt Z. 

EXPLANATION OF FIRST PRINCIPLES. 

Article (1.) All quantities which enter into calculation, may be 
divided into two principal classes, constant quantities and variable 
quantities; the former class comprehending those which undergo no 
change of value, but remain the same throughout the investigation into 
which they enter; while those quantities which have no fixed or deter- 
minate value, constitute the latter class. 

In algebra we usually employ the first letters, a, b, c, &c. of the 
alphabet, to represent known quantities, and the latter letters, z, y, x, &c. 
as symbols of the unknown quantities; but, in the higher calculus, the 
early letters are adopted as the symbols of constant quantities, whether 
they be known or unknown, and the latter letters are used to repref 
variables. 

Any analytical expression composed of constants and variable!, 
said to be ^function of the variables. Thus, if y = ax^ -^hx-^Cf^ 
is y a function of «•, because x enters into the expression for y ; y >• *• 

B 
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a tuucUOQ of J in the expressions y^a'-j-fc, ^^log. x -\-iu*, &c 
timi, as in each of these cases the fonn of the function is exhibited, jr is 
iMUvi lo bean expiicii function of x; but, in such equations, as 

Mfh^iv the form of the function that j/ is of x, can be ascertained only 
bv $^iug the equation, ^ is an implicit function of x. 
SimiUr n^uaris apply to the equations 

4 ws. »Mr* -^ 6y* -f cr -f e ^ 0, az^ -\- by* -|- cxz + ^ = 0, Ac. 
i Ww^ au explicit function of x and ^ in the first, and an implicit 
IvukctkMi o4f the same Tariables in the second equation. 

If wir wis^ to express that y is an explicit function of x, without 

wfituk^ the flvtu of that function, we adopt the notation y = Fx, or y =s 

/w « y ws. ^Vs &c. and, to denote an implicit function, we write F(x, y) 

^\^v) LipK u« tH>w examine the effect produced on the function y, by 
«^ cbai^ takuig place in the variable x, and, for a first example, let m 
tnkv Kh» «^)uativHi y =s »»x*. Changii^, then, x into x + A, and repre- 
sH^utii^s Xh» i\vrtvs^|H>ndittg Talue of y by y, we have 

y=ij»(x + A)» 
\M'» by dt»v«»k^|ui^ the second number, 

jt' = Mnjt* -h 2mxh -I- iw^a. 
Am tt WHHvjul t»xample» let us take the equation y^x», and putting 
MM b«>KMfv y K^ the v'ulue of the function, when x is changed into x -f A, 

y « (^ + A)' = af« + ar»A -|- SxA* + A^. 

NN'o thuM mH\ in tln^^ two examples, the effect produced on the fimctioQ 
by vbuugiim thv \vAw of the \*ariable, and, on account of this dep^deooe 
of \\w vuUu> of i\w tVmction upon that of the variable^ the former^ th^t 
in y, Im cuIUhI tht» </c/)ri«(/r*i/ ^-ariable, and the latter, x, the independent 
vuriublv. 

1 .i't \iM now ttucertaiu the difierence of the values of each of th^ above 
fuuctiouH of Xf in the two states y and y . In the fiist exampte> 

y — jr =s SaurA -f mA^ 
In the Hucond, 

y — .y = JUU -h 3*A« + A», 
10 that, in the equatk» y saur", if A be the incrwnent of the variable 
^, we see ^Umsk-^mk* will be ^ (xnrrespoiiding increment of the 
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function y ; and, in the equation y s=ri^y if x take tlie incfanent A, the 

conresponding increment of the function will be 3 x'A -f 3 xA* 4. A*. 

We may, therefore, in each of these cases, readily find an eipresnoo 

for the ratio of the increment of the function to that of the variable, that 

v' — y 
is to say, the value of the fraction —r- — 

In the first case. 



In the Second, 



t 1 =s 2iwx -f h. 



^!— -J' =3x* 4. 3xA + A*. 
h 



It is here worthy of remark, that, in both these expressions for the 
ratio, the first term is independent of A; so that, however we aher the 
value of A, this first term virill remain unchanged. If, therefore, A be 
supposed to diminish continually, and, at length, to become 0, the said 
fiist term will then express the value of the ratio. This first term, then, 
is the limit to which the ratio approaches as A diminishes, but which 
limit it cannot attain till A becomes absolutely 0. 

In the first of the foregoing examples, 2mx is the limit of the ratio 

•y ^ ; or it is the value towards which this ratio continually approaches 

when A is continually diminished, 'and to which it ultimately arrives 
when these continual diminutions bring it at length to A=0. In the 
second example the limit is Sx*. 

(3.) We may now understand what is meant by the limit of the rat it* 
of the increment of the function to that of the variable. It is the 
determination of this limit, in every possible form of the function, that 
is the principal object of the differential calculus. The limit itself is 
called the differential coefficient, derived from the function; so tliat, if 
the function be ma^, the differential coefficient, as we have seen above, 
is 2mx, and the differential coefficient derived from the function, x^, is 3a *. 

In both these cases, as indeed in every other, the respective differential 
coefficients are only so many particular values of the general symbol g , 

V — y 

to which always reduces when A=0. In the first example 

above, ^ =s 2mx; in the second, % = 3x*. 



I 
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Instead of the general symbol ^, a particular notation is employed to 
represent the limiting ratio, or differential coefficient, in each particular 
case; thus, if ^ is the function, and x the independent variable, the 

differential coefHcient is represented thus, ~. If z were the function, 

dz 
and y the independent variable, the differential coefficient would be—; 

the expressions J- and — have, we see, the advantage over the symbol 

^, of particularizing the function and the independent variable under 
consideration, and this, it must be remembered, is all that distinguishes 

J^ or — from ^, for dy, dz, dx, are each absolutely 0. 
dx dy 

This notation being agreed upon, we have, when y= mo:', 

dy 

-Y- ^ 2ma?, 

duf 

and, when^^j', 

dx 
As a third example, let the function 5/=a + 3j* be proposed, then, 
changing x into x-^- h and y into y, we have 

•*• — - — s= 6«p -f- 3A, 
and, making A=0, we have, for the differential coefficient. 

If in this example the function had been Sj*, instead of a + 3jr', the 
differential coefficient would obviously have been the same. 
As a fourth example, let yz=zax^ ±by 

.•. y = ax^ ± 6 + 2axh + ah^, 

h dx 

which would have been the same if the constant h had not entered the 
function. 

As a last example, take the function y — (a + hx^ or 5/ — a« + 2a6j 
+ y^x'^y which, when x is changed into x + A, becomes 
y = o* + 2a6 (a? + A) + ^M J? + ^)' 
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.*. ^^-^ = 26 (o H- &r) + ^'A* 
A 

It should be rematked^ that of the two parts dy, dx,' of which the 
ymbol ^ consists, the fonner is called tbe differential of y, and the 

OJC 

itter th^ di£R»rential of x. These differentials^ although each 3: 0, have, 
eVer&eless, as we have already seen, a determinate relation to each 
ther; thus^ in tiie last example, this relation is such, that dif s= 26 (a -f bx) 
'jc, and, although this is the same as saying that = 26 (a -f- bx) X 0; 
et, as we can alwajrs immediately obtain from this form the true value 

f § or — , we do not hesitate occasionally to make use of it. 
ax 

From the expression for the differential of a function, we readily see 

he propriety of calling -—- a coefficient, being, indeed, the coefficient 

dx 

(dr. 



CBAVTBH ZZ. 

)IFFERENTIATION OF FUNCTIONS OF ONE VARIABLE. 

(4.) Letyj: represent any function ofx whatever, then, if x be changed 
ito x-\-k, the general form of the development of /(j: -f h), arranged 
ccording to the powers of A, will be 

/ (^ -f A)=/^ 4- AA H- BA* + CA3 -f DA< + &c. 
s may be proved as follows : 

1. The first term of the development must be fx. This is obvious, 
)r this first term is what the whole development reduces to when A = 0, 
ut we must m this case have the identity fxzzzfx; hence, /jt is the 

rst term. 

2. None of the exponents of h can be fractional. For if any 
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exponent were fractional, the term into which it enters would be 
irrational, so that the development oi f(x -|- A), containing an irratioDal 
term,y(j: + K) itself would be irrational, since it is impossible thatthoe 
should be an equality between an irrational expression and one tiiat 
is rational. But, if /(x -f- A) were irrational, fx would likewise be 
irrational, for the former function differs from the latter only in ibis, 
that X'\-h occupies in it the place of j7 in the latter and, therefbie, as 
many values as fx has, in consequence of the radicals that may enter 
into it, so many values, and no more, must fix-^- A) have. As, Acre- 
fore, the first term of the development of y (j: -f h) has the same number 
of values as fix -{- K) itself, none of the succeeding terms can contain a 
fractional power of A; for, otherwise, the development would have more 
values than its equivalent function, which is absurd. 

3. None of the exponents ofh can he negative in the general develop- 
ment. For, on the supposition that a negative power of h enters any 
term, that term would become infinite when A=0; but, when A=0, 
the function is simply yir, which is not necessarily infinite; so that, Aat 
development into which a negative power of h enters, cannot be the 
general development oifix + h\ understanding, by the general develop- 
ment, that which does not restrict x to any particular value or values. 
By supposing a negative power of h to appear in the development, we 
have just seen that such development would restrict x to the values 

determined, by the equationy> = oo, or by the equation — s= 0, to the 

f^ 
exclusion of all other values, and is, therefore, not general. 

As to the method of determining the coefficients A, B, C, £cc. that 

vnll be investigated hereafter (in Chapter iv.J 

4. It must be here remarked, that, although the general development 
of every function of j: is of the above form, yet we are not to suppose 
that this form will remain unchanged whatever particular value we give 
to Xy for particular values may be so chosen as to render this form of 
development impossible, and such impossibility will be intimated by 
the assumed value of x rendering some of the coefficients A, B, C, &c. 
infinite. The well known binomial theorem, which we already know 
to be of the above form, will afford an illustration of this. Thus the 

general development offxss >Jx •\-ay when we replace j: by x + A, is, 
by the above-mentioned theorem. 
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/{(* + *) + «] =N/(' + fl)-|-A=i 

' irbete, m the case x =s — a, all the coefficients become infinhe, and the 

derelopinent, according to the positive integral powers of A, becomes in 

tltt case impossible; for the function then becomes merely <\/A or A*, 

m vludi the exponent of A is firactionaL The impossibility of the 

popond fonn of development in such particular cases is always 

Mmdj as in the example just adduced, by the circumstance of 

uMe coefficieDts entering it, for imaginary coefficients would imply 

merely that the function y (x -)- A) for the assumed value of x becomes 

iniagmaiy, aod not that the development &iled. A particular examina- 

tioQ of the cases in which the general form of the development fiub to 

hare place, will form the subject of a future chapter; at present it is 

sufficieot to apprise the student that such foiling cases may exist 

(5.) By transposing the first term in the general development of 
'(/-f ^)>wehave 

/(* + A) — /r = AA -H BA« + CA» -|- Ac. 

.•.-^>±4>^:^ = A + BA = CA« = Ac. 

Dce,when A=:0, 

^=A, 

n which result we learn, that *Ae coefficient of the second term, in the 
elopment of the function f{x'\' A), i$ the differential coefficient 
wed from the function fx; so that the finding the differential 
fficient from any proposed function, fx, reduces itself to the finding 
coefficient of the second term in the general development of/ {x -)- A), 
)f the first term in the developed differencey {x + A) — fx, 
laving obtained this general result, we may now proceed to apply 
) functions of different terms; but it will be proper previously to 
erve, that those constants which are connected with the variable in 
fonctionyr, only by way of addition or subtraction, cannot appear 
lie coefficient A; because A, being multiplied by A, can contain no 
intities which are not among those multiplied by x -f A in /(j- j^h\ 
by j: in fx. 

6.) To differentiate the product of two or more functions of the 
te variable. 
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\jQiy, 2, be functions oix, in the expression 
By changing xiuXox-^- h, the function y becomes 

and the function z becomes 

2' = « + A'A + B7/« + C7i» -h <fec. . . . (2)- 

J lence, when A sssO, we have from (1) 

yl:^ = ^=A, 

h tU 

and from (2) 

z' — z dz 



-'i? = A'. 



h dx 

Multiplying the product of (1) and (2) by a, we have 

therefore, a^ z + — i/ being the coefficient of the second term ( 
dx dx 

development of u', we have 

du dif , dz 

,', duz=azdy -{- aydz . . . (3). 
Hence, to diflferentiate the product of two functions of the 
\'ariable, we must multiply each by the differential of the other 
add the results. 

It will be easy now to express tlie differential of a product of 
functions of the same variable. Let 

u ^wyz 
i>ii tiie product of three functions of x\ then, putting v for irj 
t'xprestlon is 

hence, by (3), 

<f « SB zdv + vdxy 
7"™*y; tiwra&m, by (3), dvt^ydw^wdy\ consequent 

dm^tjfiw -\- zwdy •\' wydz . . . (4)^ 
and H li |M& tluit In thii way the differential may be found, 
fccton erer w many; go that, generally, to differentiate a pm 
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several functions of the same variablcy we must multiply the several 
differentials of each factor hy all the other factors^ and add the results. 
If we suppose the fiictors to be all equal to each other, we shall 
obtain a rule to difierentiate a positive integral power. Thus the 
differential of the function 

is 

du = dp*—* dx -f «*— * da -f or*—* ds -f Ac. to m i/erau, 

that is 

du ^ mj?*— * djp .'. -— = wM?*— *, 

djf 

This form of the differential is preserved whether m be integral or 

fractional, positive or negative; but, to prove thb, we must first 

differentiate a firaction. 

(7.) To differentiate a fraction. Let k = -,y and z beiog functions 

z 

of x; therefore u2r=ry, .*. duz ^dy, that is, by last article, 

- . . J J dy — udz 
sdu -4- udz = dy .*. du = — , 

z 



or, substituting - for u, 



sr 



Hence, to differentiate a fraction, the rule is this: From the product of 
the denominator, and differential of the numerator, subtract the product 
of the numerator, and differential of the denominator, and divide the 
remainder by the square of the denominator. 

(8.) To differentiate any power of a function. 

The form of the differential when the power is whole and positive 
has been ahready established. Let then 

m 

«*=yT 

be proposed, y being a function of x, and "^ being a positive fraction. 
Since u* = y"*, 

.•. ni**-* du = Jiiy'"— * dy, 

0\du =s — . -^ — r- dy=— , — £ dy, 

n «••— * n wm " w k 



10 THE DIFFERENTIAL CALCULUS, 

Now 



consequently, 



(J» — 1) = 1, 

n n 



du = — y n *<fy. 
« 






Let now the exponent be negative, or 

but 

.'. rftt = "^^ . - rfy, 

or, substituting for u its equal y~ • , we have 

<fM ^ y n dy* 

n 

Hence, generally, to differentiate a power y we must multiply together 
these three factors, viz. the index of the power, the power itselfdimimM 
hy unity, and the differential of the root. 

This rule might have been deduced with less trouble, by availing 
ourselves of the binomial theorem, for, supposing uiu^s^yP that the 
increment of the function y becomes A; when ihB increment of x becomes 
h, we have m' = (y -h k)P and, by the binomial theorem, the coefficient 
of the second term of the expansion of {y -|- ky is py^^\ whether/) 
be positive or negative, whole or fractional. As, however, we propose 
to demonstrate the binomial theorem by means of the differential 
calculus, we have thought it necessary to establish the fundamental 
principles of differentiation^ independently of this theorem. 

(9.) If it be required to differentiate an expression consisting of 
lemend fimctSons of tibe same variable, combined by addition or sub- 
^aetioiiy it will be n eccii Mf y merely to differentiate each separately, and 

• 3 
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D connect together the results by their lopective signs. For let tlie 

xpression be 

M = aur + ^y + ^ + ^^' 
1 which w, 1/, Zy are functions of x. Then, changing x into x-\-h and 

leveloping, 

tr becomes w-^ Ah -f BA' -f Ac. 

y y H- A'A H- B'A« + «fec 

z z -f A'7. + B"h* + Ac. 

.-. M ti -I- (a A H- 6A' -f tfA" + Ac.) h + Ac. 

.-. rf« = aAdlr -f AA'itr H-cA"<fr -f Ac. 

But 

Ati/lr ::= dwy A'dx = <fy, A Vjr = dzy Ac. 
herefore 

<ftf = adw •\- hdy -{- cdz -f- Ac. 
hat is, the differential of the sum of any number of Junctions is equal 
n the sum of their respective differentials. 

(10.) We shall now apply the foregoing general rules to soim(> 
xamples. 

EXAMPLES.* ' 

1. Let it be required to differentiate the function 

Jy the rule for powers (8) the differential of 8jr* is 8 x 4*r'dlr, and tlie 
ifferential of — 3j?* is — 3 X 3ji^dx; also the differential of — 5^ is 
-5dx; hence (9), 

dtf ^ 32j^dx — djL^djc — 6dx, 

.-.^ = 320^ — 9^-5. 
dx 

2. Lety = (df3 + a)(3d?3-|-6). 

By the rule for differentiating a product (6), we have 

rfy = (a^ + a)<^(3^ + *) + (3^ + *)fi?('»'^ + a)> 
nd (8), 

d (3a* + 6) = Qxdx, rf (j7» -f a) = 3 ar^djn, 
.'.dy = (a^ -f a) exdx + (Saf^ -f- b) Sar^dx, 

dx 

3. Lety = (op + «»)«. 
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18. y = f ... ^ = 



The functions in these examples are all algebraicy we shall now 
consider 

Transcendental Functions. 

(11.) Transcendental functions are those in which the variable entos 
in the form of an exponent, a logarithm, a sine, &c. Thus, c^, a log.x, 
sin. X, &c., are transcendental functions: the first is an exponential 
function, the second a logarithmic /unction, and the third a circuUKr 
function. 

To find the Differential of a Logarithm, 

(12.) Let it be required to differentiate log. x. 

Put a for the base of the system of logarithms used, and let 

1 

^^a — l — l^a—iy^iia—iy — ^c, 
then 

log. (1 + n) = M (» — 1 n« + J w3 — &c.) 

or, putting — for w, 

X 

log. —^ =log.(a^ + A)-log.^=M(---2^ + -5^-Ac.) 

. log^^^^-log^ (l_-_A_ + ^.«&e.) 

This is the general expression for the ratio of the increment of the 
function to that of the variable. Hence, taking the limit of this ratio, 
we have 

dlog,x __M 
dx X * ' 

If the logarithms employed be hyperbolic M ^ 1, and then 

dlo^.x j^ 1 
dx - ^ • • • ^^^• 
If they aie not hyperbolic, write Log. instead of log. for distincticxi sake, 
^^^^ nnceby pattiDg a for 1 + n in the series for log. (1 + n), we have 
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it follows, from the expression (1), that 

djc log. a . Jt 
Jnless the contiaiy is expressed, the difierential is always taken 
according to the hyperbolic system, because the expression is tlifii 
dmpler, log. a being = 1. 

From the preceding investigation we learn, that the differentud of a 
logarithm is equal to the differential of the function divided hi/ tht 
^unction itself. 

(13.) To differentiate an exponential function, 

1. Let y = a* then lo^. y s= jr log. a .*. d log. y^^dx log. a, that i>«, 

/« 

-^ ^dx log. a .*. dy=-y log. adx = log. a . a* dx* 

y 

Qence, to differentiate an exponential, toe must multipfy together the 
kyp. log. of the base, the exponential itself and the differential of thr 
variable exponent. 



EXAMPLES. 

1. Lety = jf(o' + **) >^a' — «* .*. log.y=log. x -f log. (a'-f-^^) 

+ ilog.(a»-^), 

dy ^^dx 2xdx . xdx ^ a* -{• a^a^ — 4x* ^ ^ 

therefore, substituting for y its value, we have 

dy a* -f" fl' ^ — 4j?* 

dx"^ ^fl%^g^ 

2. y = log.^!^^^±:^^«±^ 

Multiplying numerator and denominator by the denominator, the 
expression becomes 

y = log. = log. X — log. (a — ^a^—x^) 

^a — ^-^c^—of^ 

...^_cj ^ , _ a^a^--3^—a' 

— a 
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3^ jr« y*'-*-^ , ... log. y = ilof. (*» + 2«)-}l» 

jr «"+2<Mr 3(j* + «» — jr) 

(1— 3a)jf«— (g— l)x~g ^, ! 

*. V « JT-^'^ ,\ log. Jf =s m >/"^ log. « .-. ^ = M >/^^ 

V\\vm ihitt exampiW it appeals, that the rule at (8) applies ivben the 

lu iKU ^\«mpW tW vaiiable exponent is x*; hence, calling it 2 and 
Uvii, *=a4K^»4r»\ — »lgg.4Ni;r4-,r=...,rf,-a*«(l-f.log.«)rf*; 

J-log.n,«^,»»(l+log.*). 
a. ff s ^f^^''-" -^ r-*^^, wbeie # is the base of the hyperbolic 

1 . y «s U^, 0^"^* '*''^'* '"^^ * ^^^ ^^' * .% y s= log. « ••. rfy = - 



* riu« lutmuii \\\» IvHC^riihin of the logarithm of », but the notation ^ 
.ii<ai lunvuH^^r mK>|»( wUl h«i (^log,V«r> and which we shall extend to cii 
\\\U\\ {\\\\\M\\\\*\ \\\\\*t iu«(«kad of aln, (sin. x\ we shall write (sin.)'. 
I ho »^Hm'0 ul (ha «lu4» Mn$i writtan wtthont the parenthesis, thus, sin.'. 
\\\^ \my ohII Muob an^rasaions as (left.)** or, (sin.)** a^, ^c. the nth log. ( 
I, lliuMthsluauf #• 4o, 
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IT 



l» 



X xlog.x 4m m 



9 



.,=!<«. ((« + »)- c.* + *)* f*- -(- #r*j -■- ^^^zr, - 



m 



10. jr = log. y — X-2L_ .-. ^— s 21 -— 

2. y = (log.)- ' .-. s=;i5^:7Tta7r: 



a. log. y = 






4. jr =0**, s being a fioBctBOB ol^ #, .'. 



i -«r' .■j^' .^ 



r.- 






r. y=e<^"»^ ...^_ 



4x log; jr (kiig./# iyut.f^' s 

*- 3f = *---.^='*'.«'{~-f log.j^<l-f lot.*,}. 



(14.) TodiffertntiaU 
I^ j: represent die Tcsicdtaie of an arc of a dnde wioKzatdiiv jt r. 
tbenr — xwiilrepteseDttbecooDeof dkecmieaiCyaiidybvin^uxn^ 

r 



r — « 

In diis expression, x is the independcpt rBsribley and as doftdiiibif;^,^; 
the arc itself diminishes, bodi riiiiiihiit OTmlUiif omij, and rf«fe vAhnt:^ 

ratio of -r-^ is -^1; diat is, the sme and tangent of aaaicapprc/xiuxkiU' 
. . sni. r 

to eadi odier as the are dimimaiiesiy aad at kngdi UeeoaK equal. A> 

the arc is between die sine and tangent wben these UM^OMr cquat d«« 

^, 2 
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41 v> ubivs ittu»l b«eo«iie equal to each; tbeidbiey we ■br' eoiidid^te 
Ouf uUuuaw mlMM aie as follows: 



Um. .arc Y-> arc .arc . «». , ■_ , « 
*iu. »bi« taa. chord dMml ' -■ — ■ 



I • iM {% iivw ba vaqaUad to ftad the diflforeiitial of 
V uuv V ♦- A, wa haia {Grtgwy't Trig. p. 48) 

«jia. (^4- A)aitlB.dr + Siin. i Acoa. (« + l A), 

j p-co..(* + M); 

.» /, >k *4a«|A 1 . iftin.dr 
%k da 

^ IV sUQ^MfaMliala co*. »% i 

■/vAM. .%«»</ 4a. ^t v-~«)«i — cot. (I IT — x)dx^=. — v^xix* 
^W', ^nUtla^at*— ifirar.tin* .Mfver. 8in.dp=s8in.«i2r. 

4 IV sU<M^4aalkla tan. jt* 

/t.»« «^ /*!»••* cot*#rftin. jp — tin.dr<fco8.jr 

*/^a*.4f*«»a --^Mi 9 

V\k»«# COt.'« 

vMia^V cot."« 

./ y.^»^ ^ «.i4H^. Vi * ' *) wi «—••€•• (I ir — x)dx^ — eoatc,*xdjt. 
• Iv ^^tt^^^aW iaKS ^A 

(44^^.va«4 vi — !^^d^sBtan.drsec.«d;v. 
wta^wv €oa«Vr 

. . \ vo«u» , 

'fV'V^W^. •¥--♦♦ . at ■ - dlv^cot.«cosec.«<£v. 
Ma« ^ tlu.V 

I tu.wv. ^\^ \\K\w\^ \\w '^\\\y\p\\\ xthvHiKI endeavour to preserve in his memory. 



I y «.«|H,4^ ,\ ifywmti\iujifd9iti, jrssStln.«C08. «£Ka7=sin. 



* rtiM illlYViraatlaUttn of alreular fiinctlont may be obtained hidependently 
of tUottt ie«ttlU« U% the aoW (A) at the end of the volume. 
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2. y s= Bin.«« .*. cfy s: m tin.*-* s ilfln. «=s n •tai.«-> «6M. jmLt, 

••~ = n sin.*-* * coi. jp. 

3. jf s= 001. fiur .Mljf s: — lin. MUNlwur ^ — m fill. MJNCr, 

• • -r- ^ -^ fR Sill* MX* 

dx 

4. If ^jf tan. «"y jf being a fonctton of jr, .*. ifn^ tan. j;" i(y 4* 
tao.j^y now d\KBi,a^^mc?3^d3f^^naf^^wb^?3^i»f 

... ^ =s tan. «• ^ 4- ywjr^i tec.* ««*r. 
ojp ax ^ 

b. u = cot. «y .*. <ft( ss — co&bt^si»dj^, Pat X ss j1^ .*. log. t S5 
.-. — =Jf — + l<«.J^y .«. A = rfif=(y~ + log. jr«(y)ir, 

X Jf ^ # 

^ 5=— CO(»C.« If (iL + log. X *!) J». 
£ip X dx 



6. y "ss, xe «om .•• <fy = e «M4i <£r -f ^>^ **^ '^ cot. J^ ^ 
•x (1 — or sin. jr) <£r9 

••• -^ ^ e ewjf (1 — * sin. x). 
dx 

7. y = log. (* e«o«j» ) .•• dy =: — ^ ^> and </(**«*••) = 

» (1 — tfsin.jr), 

, <fy 1 — X sin. jr 

• • >— ^s . 

8. y :=co«. « 4" sin.oyN/ — 1, .*. ^ = — sin.jr+^o**'^ — !• 

9. y = COS. X 4- COS. 8j? 4- cos. 3j? 4" ^c. .'. 3=- = — (>in» « -♦• 
n. 2a? 4- 3 sin. %x 4- ^c.) 

10. yssoytftwi., .'. j^={l + , f J g***^* 

, , ., sin.* X dy ^ , sin.**-* j? , sin."*+* x , 

11. y s= .-^_— •*. -:i.=m { 4" I. 

COS.** ;p dx cos.*— *a? cos.*+*j? 

12. wssec.**'.'. ^=tan.*rsec.afy{i^4-log.*Jf}. 

dx K dx 

15.) In the preceding trigonometrical expressions, the arc is 
isidered as the independent variable, and the lines sine, cosine, 
. as functions of it; we shall now consider the inverte /unctions as 

3 



18 TBE mWTEMSXTLU^ CA1CVJJJ3. -r-. 

arc, also, most beoome equal to eMih; llierefiDie, we may condiidey that -^ 
the ultimate ratios are as fidkms: 

tm. are j^ ware arc m. -. tan* _| « 

fin. ' sill. ' tan. ' chord ' chord * diord "" .T;e^ 

1. Let it now be lequiied to ind the differaDtial of sin. x. Cluaiging . 
V into x-^AfWe baio (Gregmy't Trig. p. 48) 

stii.(x + A) = siB.jr + 8saii.|Acos.(«+iA), ,;==: 

A ^co..(* + tA), j 

when^===0,!!EJi = l,.^?[i^-cos.*.^llsin.* = c^ i 

2. To differentiate cos. jr, --^ 
dcoH.x^dnin, (Jir — j?)^ — cos. (J sr — x)djes=. — tin,xd*' 

Car, Asifsin. =s — </?er. sin. •*• if?er. sin. dpsssin. d7<2dr. 

3. To differentiate tan. x, 

dtan «^rf"*°'*.^^<**» ^''sin. J? — sin. drifcos. « 
COS.*"" eoa,*af 

that is r 

COS.'j? COS.'d7 

4. To differentiate cot. X. : 
</ cot. a- = rf tan. ( » IT — a?) = — sec.* ( J sr — «) <te= — cosec.** dlr. 

5. To differentiate sec. x. 



rf sec. « = rf _i_ ^ Jilillf. 

C08.d7 C0B.*d7 

«. To differentiate cosec. x. 



<£r =s tan. « sec. « <£r. 



^^ cosec. »=srf_l_ COS. a? 

— Jur:L=^~7-T- rf* = cot.dPCOsec. a?«to. 
ri>j . sin. a? sin.'d? 

iese SIX forms the student should endeavour to preserve in his memory. 



EXAMPLES. 
1. 



t# iC*;, • * ••• i?r « 2 sin. « rf sin. «•= 2 sin. or cos. « dir=sin. 



•••:^ = 8hi.2r. 
dx 



. J^^«brentliitto7^7l^^ "" 

««!«•• fttsuiU, S«« thT i!^^ f«ncUons may be obtained independently 

*^ »o^ ( A) at the end of the Tohune. 
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2. jf := Biii.*j? .% <fjf s: II dD.*-* s <f fin. M^ n fill.*-* » 6M. jmLt, 

dv 
•••-^ = 11 iln.*-* * eof. jp. 

3. y^ooi.fiiJr.*. <fys= — tisi.mgdnutss, — msln. MMM^r, 

• • -r- ^ -^ fR Sin. IMf • 
OJT 

4. u r= jf tan. «", jf being a function of x^ .*. ifn ss tan. x^d^-^- 
tan. a*, now rf tan. a* = sec.* «•<£«• ^ imj'*-' lec.* ij* rfr, 

.-. ^ = tan. a- ^ 4- ywjr^i tec.* ^<Ar. 

5. u = cot. «y .M^tc =s — COMC.* «y <2a?r. Pat xss Jl^ .*. log. tss 

••. — =y — + log* J^y .•. A =rfif =s (y — + log- « <'y)*^ 

*ls=-C«»C»:^(^+ log. I^)*». 
<ip » dx 

6. y = aecoM .*. </y := e«M4i <£r 4* *^ *^* d cos, x ^ 
•J (1 — xain,x^dx, 

•••-/- ^ e ewjf (1 — * sin. 0?). 
ax 

d (x e «•••» ^ . . X X 

7. y = log. (j? e w-jf ) .«. <(y = — ^ ^, and tf (j? e «••. •) = 

.»(1 — xsin. jr), 

, (/y 1 — X sin. j? 
dx X 

8. y=:cos.« + 8ii>*^^ — 1> ••• ^^^ — sin. d? + CO** ' ^^ — 1. 



9. y =cos. X 4- COS. 8j? + cos. Zx + 4pc. .*. 3^ =^ — («in» « -♦• 



. ± = - 

n. 2^ 4* 3 ^* 3d7 4~ ^c.) 

10. y=a7<?t«i».« .♦. -^={1 + , f . ]g**^'* 

<m7 14"^ 

, , ., sin.* X dy ^ , sin.**-* x , sin."»+* x , 

COS.** ;p rfir COS.*— *d? C08.*+*d7 

12. wsssec.**'.'. :;?^ = tan.*ysec.a?y{i^4-log.*!^}. 

ad? A7 dx 

15.) In the preceding trigonometrical expressions, the arc is 
isidered as the independent variable, and the lines sine, cosine, 
. as functions of it; we shall now consider the inverse functions as 

3 
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they are called, that is, those in which the arc is considered as a fiinctioa 
of the sine, the cosine, &c. A particular notation has been proposed for 
inverse functions : thus, ify = Fj: be the direct function, then x = F~*y 
is the inverse function, that is, if we represent the function that ^ is of 
j: by y =: ¥x, the function that i* is of y will be denoted by j: = F—*y. 
By thus representing these inverse functions, we may return immediately 
to the direct functions, considering, for the moment, F—* in the light 

of a negative power of F, or an equivalent to -; for then x = F-* y 

F 

immediately leads to y ^ Tx, Thus, if 4: = log.— »y •' . y = log. x, the 

inverse function log.— *y meaning the number whose log, isy. In like 

manner, y ^ sin.— > x means that y is the arc whose sine is x; that is, 

returning to the direct function, sin. y =x. 

1. To difRiirentiate y = sin.—* x» 

Here the direct function is sin. y = x .*. <f sin. y = dx, that is, 

. , rfy 1 1 1 

cos. yay = ox .*. -ii-r= = — ■ zz — z=r 

dx co8.y Vi— sin.V Vl— ^* 

2. To differentiate y = cos.—* x. 



= dx ,\ -^ = . = 



1 



cos. y = X .*. — sin. ydv ^ — , 

rf^ sm. y n/ 1 — cos,V 

3. To differentiate y = versin.— ' x. 

versin. y := ^ .*. sin. ydy = dx, 

'dx sin.y y/ 2x — x*' 

4. To differentiate y =: tan.— * X. 

tan.y = x .•. eec^ydps^dx .*. -p^= — t-=; — : — i* 
' ^ ^ dx sec.2y 1 4- *•« 

6, To differentiate y =s cot.—* x. 

cot, y^szx .*. — coaec,^ ydv =^ dx .*. -^-^ ;r- = :• 

^ ^ ^ <to cosec^y 1 4- a* 

6. To differentiate y =: sec.—* x. 






aec, y^six, ,•* ion, y see* ydy .. , , , 

dx tan.ysecy ^^n/^— T 

T. To differentiate y = cosec.— * x. 

co8ec..y = x .*. — cotan. ^ sec. ydV = </x .*. -^s= — ^ = 

dx cot. y sec. y 



— 1 
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EXAMPLES. 



^9 ^ * ^y "* 

1. y = rin.— ' mx .•. — ^— =* • • -^ 



2. y =s X gin."' x« .'. ^ = »in.^' ** + r ^'^j"' ' -and 

rf 8in.-» x» 2x 



•*=8ln.-t*«+ ^ 






3. y 2= COB.-' X Vl — x». Pat X >/l— ^i*=« .•. ifysK 



N/-r=7 



dz = (^ 1 — x» 7=^==) rf*, and n/ 1 — t«=Vl— i«+a*, 

vl — «• 

.^_ 1 — 2g» 

4. y = tan.—' — . 
^ 2 

rfy 1 . dy 8 

i flfx , , /f^\% dx 4 + X* 

6, y = cot.-' (a + »M?)« .«. dy^^ T—r-7 — : -rf(a + wx)*. 

dv %m (a A" mx) 
d(a-\-mxy^2(a-\-mx)mdx .:-f=: . .\ , f.- 



6. y = sec.-' — .%</y= ^ rf-^t and 



. o ^__ amdx 
efy »ix' 



^* ^ a^ ^ r^ ' 
7. y = co8ec.— ' ! — • 'oy = — » ■ — "t- 

^ X X 









-t : : wkm^ 

:: J- ; 

OS i -r ^ 



^vl^TT* 



lb ^'1 — a* 

1 df 1 



}(l. y = IML-'^J^ ^ -^ ^ 






r 



12.jr = 



lb ! + »= 



* iV^a*-— 1 



1^ jr ^ CMBC— * «u* .". ^^ 



* rV«*x*— I 



t 
14. 5f ^ vBtsm-— *«* 






6.) In the preceding cxpressioos die ndins of the arc is 

esented by tmity, but, as the difierentials are frequently reqi 

tis Ty we shall terminate this ch a pter widi Ae several fono 

accommodated to this radios. We most obsenre, that as , 

homogeneous in eadi of- tibose fonns, - is always a number 

ratio in the limit, that is ^^ is a number. Hence, r n 

ax 

Kiuced so as to render the numerator and denominator 

«Mum of tbe same dimensions. The formulas, therefore, h 



rdx 



i^sln.-'arss 



rfcoi.— '«=s — 



rdx 



rdx 



n/ 2rx — X* * 
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d tan.—* I = — -. 

d cot.—* I ^ T -. 

f»dx 



d sec.—* I = 



</cosec.— * x=s — 






, >/i« _ r»* 



On successive Differentiation, 

Lce the differential coefficient derived from any function of a 
ly contain that Tariable, this coefficient itself may be differ- 
id we thus derive a second differential coefficient. In like 
r differentiating this second coefficient, if the variable still 
ve obtain a third differential coefficient, and in this way we 
ue the successive differentiation till we arrive at a coefficient 
i variable, when the process must terminate, 
iking the function ^ssox^, we have, for the first differential 

-^ ^ 40x^9 as this coefficient contains x, we have, by differ- 
ed 

t, the second differential coefficient :=12ax*'; continuing the 

3 have 24ax for the third differential coefficient, and 24a for 

which being constant its differential coefficient is 0. 

vere to express these several coefficients agreeably to the 

itherto adopted, they would be 

• 

first diff. coefi. -7- = 4ax', 
dx 

d^ 

dx 
second diff. coef. — - — = 12 aa', 

ax 

4 "' 



dx 

third diff. coef. ^ = 24 ax, 

dx 

<fec. 
node of expressing the successive coefficients is obviously very 
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inconvenient, and they are accordingly written in the following more 
commodious manner: 

dy 



first diff. coef. 



dx 



second diff. coef. . , t 

third diff. coef. -^, 
dx^ 

nth diff. coef. -^^> 

in which notation it is to be observed, that d*, (/*, 8cc. are not powers ^ 
but symbols, standing in place of the words second differential, thxri 
differential, &c. The expressions c/x^, dx^, 8cc. are on the contrary - 
powers, not, however, of j, but oidx: ta distinguish the differential of 
a power from the power of a differential, a dot is placed in the former 
case between d and the power. 

(18.) The following are a few illustrations of the process of successire : 
differentiation : 

1. y = x»*. 

»•. — ^— ^z tnr"** — * 

dx 



mx^ , 



-— ^ = m (m — 1 )x"»~', 

d^ 
-^ = m(m-l)(»»-2)x'»-», 

d^v 
^ = m (m — 1) (m - 2) (m - 3) x"«-*, 

<fec. &c» 

'2. ft =:yz, both y and z being functions of x, 



dx " dx 


dy 

dx 


- 




d^u dh 
dx' "^ rfx« "^ 


dydz 
dx^ 


+ 


zd^y dzdy 
dx^ ' dx^ 


^ dx'' ^ 


dydz 
dx' 


+ - 


zd^y 
dx^ 


dx^ --^ dx^ ^ 
<fec. 


dyd'z 
dx^ 


+ 3 


dxd^y j_ zd?y 
dx» dx^ 
«fec. 
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y= 


= log.x. 






" dx ' 


_ 1 

"~ X 






1 




dhf 


_ 8 


y 


=:e*. 






... ^y 

ds 


. = e» 




dh, 
dx» 


. = e* 



^c. 



l/l* 


~ ** 


i/x* 


2-8 -4 


rf«y 


8 • 8 • 4 • .'* 


i/«« 


^ «• 








^^e- 



rfr« 



4ec. 



Stead of e the base were a, the several coefficients would be 

log. a • a*, log.^ • a*, log.'a • a*, log.^a • «*, Ac. 
pears, therefore, that exponential functions possess diis property, 

hat -JL-^y is always constant. 

y ^ sin* X. 

••. — ?L ^ COS. X 

f[!?L=:-Bin.x 
rfx» 



i^jL s: — COS. X 
dx* 



rfx« 



s= sin. X 



Ac. 



e need not multiply examples here, as the process of successive 
entiation will be very frequently employed in the next two 



ers. 









= -f ir— !-.■=— axr— Kc*' — At ...(1), r 



« — 


SZ. 


2C — i 30c — 1*4E£2 


* 

4 


- 


i-Xl> ^2-3-4lx 


<r,* 




At. 


>if^. 


/V*, 


' ^j» ^ 2 • 3 "^ ^ ^ 



i^rm^^r^m 



* 'thk prfifl «f MieMn^ tba dJflemitial coefficient in brackets we shall 
imt^ilf Mivirtf Wfl«n w« wUh to express not the general state of thin 
iHHMUmi Nfi Umi hImUi which oriies from the variable taking 9i particular 
MlHif, H^tMlUMl fftllM 1» will generally be made known by the nature of 
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Ilecce, by substitution, equation (1) becomes 

dx 2 di* 2 • 3 djr 

which is Maclaurin's theorem for the development of a function, 
according to the ascending powers of the variable. We shall apply it 
to some examples. 



EXAMPLES. 

(20.) 1. Let it be required to develop (a 4- a)", the exponent n 
being any number whatever, either positive or negative, whole or 
fiactional, rational or irrational. 

Pat y = (a 4- x)« • . therefore . [ y ] = a* 

••• -^ = « (a -I- x)— » [-^T — jta*-* 

ax ax 

-g- = «(«-l)(a + x)--» . . [-g.] = „(„-l)a--^ 

^=«(«-l)(«-2)(a+x)-*,[-g-] = 

w(«— l)(n— 2) o»-* 
d;c. Ac* 

Substituting these values for the coefficients in the foregoing theorem, 
there results 

» I y • . • «2 " 2*3 

-f <fec. 
and thus the truth of the Binomial Theorem is established in its utmost 
generality. 
2. To develop log. (a -\- ac). 

Put y = log. (a -\- x)t therefore [ y ] = a 

[ dy -. _ 1 



dy 


= 


1 


dx 


a-^- X 


d^y 


== 


1 


d3^ 


(« 4- *)» 


d^y 


= 


2 


dx' 


(« -f ^y 


d*y 




2*3 



• • • 



• • • 



(/x a 

pd*y_, _ 2' 3 
dx* ~ (a + x)* "5?"'' " a* 

4;c. <&c. 



• • • 
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.-. log. (a + x) = log. a -I- -^ - --^ + 



-(.<fec. 



2a» • 3a« 4a* 
li y =log. jc were proposed, then, since [y], [^], &c. are infinite, 

ox 

infer, for reasons similar to those assigned at page 6, that the devel 
ment in the proposed form is impossible. 
3. To develop sin. x. 



y ^ sin. X 

dy 
— -^ = cos. X 
ax 

tPy 
— ^— = — cos. X 

—-4- = sin. X 
ax* 

d^y _ 

dofi 
^c. 

.•. sin. x=sx — 



::= cos. X . 



+ 



<fec. 
x» 



1 •2«3 

4. To develop cos. x. 

3^ = cos. X 
^sr-Bin., . . . r-^]=0 



. . . * 



1 -2 -3 •4'6 



— (fee. 



^ = -C08.X . . . [-^]= — l 



<fec. 



dsc. 



x* ^* 

.*. COS. X ^ 1 — -T 4" -y — z— T — — 

1*2 1 '2 •3»4 



— <fec. 



5. To develop o*. 

y ^ a* therefore [ y ] =1 



c2x 



dx 



* A is put here for the hyperbolic logarithm of the base a, that is, 
the exprasiioii 

(a-l)-*(«-0'+i(« — l)'-<fec. 
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.... f^] =A. 





= A»a' 


d^y 

dx^ 


= A»a« 


&c. 





.... [i!^]=:A' 

.-. a'= 1 4- Aj H- , — - 4- ; U Ac. 

which is the Exponential Theorem. 
Since A=log. a, we may give to the development the form 

«' = !+« log. a + -{x log. ay + j-— (^ log. a )' + Ac. 

as 2 * a 

For 1= 1, we have the following expression for any number, a, in ienn.H 
of its Napierian logarithm : 

«= 1 -f log. o + -log.«a + j^ log.'a 4- «fec. 
changing a into the Napierian base, e, we have 

^vhich, when xs= 1, gives, for the base e, the value 

^ 2 2 • 3 

(21.) From the development of ex may be immediately derivetl 
several very curious and useful analytical formulas, and we shall avail 
ourselves of this opportunity to present the principal of them to the 
notice of the student. 

If, in the development of t', we put z n/ — 1 for x, we shall have 



sW— 1 



4 



C2^-» = l -1-2 n/— 1 -H h<feC 

^ 1-2 1.2-3^1'2-3-4^*"*^- 

and, changing the sign of the radical, 

c— i^— ' = 1 — s V — 1 «fec. 

l-2^1'2*31-2«3-4 

If these expressions be first added and then subtracted, there will 
result the following remarkable developments, viz. 

! X£l_=:l -^—A - <fec. 

2 1 -2^1 • 2 • 3 • 4 
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-j I Ac. 



2>/3rT I-2-3 • 1 •2'3'4-<5 

Now it has been seen (examples 4 and 3) that these two series are 
t)ie respective developments of cos. z and sin. z; hence, puttii 
instead of z, we may conclude that 



sin. X = — , — .... (1) 

2 V — 1 

cos. X ^ .... (2) 

wliere the sine and cosine of a real arc are ex(»essed by imagii 
exponentials. 

These expressions wei'e first deduced by Euler, and are consid* 
))y Lagrange as among the finest analytical discoveries of the 
(Calcul det Fonctiont, page 11 4. J 

(22.) If for the real arc jt we substitute the imaginary arc jv 
we shall have 

sin. («>/ — 1; = ^ — .... (3) 

2V--1 

cos.(*V3T)=!=l±J! (4) 

Alio, linoe -— m tan., i Mows, from (1) and (2), that 

>/^ tan. , = "^l-'-^l^^^f-^ 

IJy multiplying equation (1) by ^/^, and adding the result tc 
we liave 

COS. X ± sin. X >/ — 1 = e^'^^ . . . . (5 ;) 
or, if we change x into mx, 

cog. mx ± sin. ma? >/ — 1 =: e±«»»* ^^ .... (6), 

property, viz. 
(COS. x ± sin. X >/^=nr)« =: cos. mx ± sin. wx V^^ .... ("J 

which was discovered by De Moivre, and is hence called De Moi 
formula* 
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If the first side of this equation be developed by the binomial 
theorem, it becomes 

co8.«i ± m coi.*-* xp -I ^-- coi.«»-« xp^ ± *c. 

p being put for the imaginary v — i sin. x. 

Now in any equation, the imaginaries on one side are equal to those 
on the other, (Alg. p. 126^; hence, expunging from this expression all 
the imaginaries, that is, all the terms containing an odd power ofp, we 
have, in virtue of (7), 

m(m — 1) , . . 

COS. mx =s COS.* X cos.*-* x tin.'x -f 

m(jn — l)(m — 2)(m — 3) «_4 , . 

— ^^ ~— - — ~-i COS.*-* X 8in.*x — <fec. 

2 • 3 '4 

Id like manner, equating sin. mxw — 1 with the imaginary part of the 
above development, and then dividing by V — i, we have 

1 ^ m(m — \)(m — 2) ,,, » , . * 

sm. mx = m cos.*—* x sin. x ^^ ^-^ cos.^-^x sin. ^i -f Ac. 

2 * 3 

From these two series the sine and cosine of a multiple arc may be 
determined firom the sine and cosine of the arc itself. 

(20.) If in the formula (2) we represent e*'^-^ by y, then c-^^-' =5 

-; therefore, 

. 1 
2 cos. X t= y + — 

^ y 

or, if in the same formula mx be put for x, we have 

2 cos. wx = y* -f- — 

and from these two equations we deduce the following, viz. 

3^ — 2^^ COS. X -f- 1 =r ... (1) 
yi* — 23^* COS. mx -f- 1 = . . . (2). 

Since these equations exist shnultaneously, the latter must have two 
of its roots or values of y equal to the two roots of the former, and must, 
therefore, be divisible by it; or, putting 9 for mx, we have 

y»*— 2ycos.0-f- 1=0 . . . (3), 
divisible by 



•*»» 



TBH UEPTEJLKSTZAL CJLLCUI.C5. 



3lgt^Sl& ^ "^ 




(-•). 



bene anj-wiiofemmbery and xr=l80^; 

^=ily = l,=2, kc to ii=jn — 1, we 

acat rff|namin tMBtinm^ ti> be divBKble by the second iu 



~2tt«fc. hl=( 






...J 



(f->L=:.«2 — *lt 



-t-1) 



> v**— ^ ^"af- -^^— — hi) 

TW troth. «t* t&» ^funtmiL b «6ffiaaB^ for, wkik the subsdtutioii of 
^-^Zx-:r tiir (f duaet^ ua .rffiragiyt in tint expression (3), the same 
sttfcrt it m ajtt in. ^4' ct:«<»^ tu rtat cspceBDon a new ralue, for every value 

+ 2: 



■■!1« 



«94f K,. ibmL «^<> Off K^it — 1. ix 



&c. aieall 



m m 



A$^ dbaeiiHKw ibi^ e^nessiaot (3) b dmdhie by (4) under all 
l&Kse « c&owses of trafitae. it is p&UB tikit these are its w quadratic Motors. 

Ift tiffin vvr oBiLT asT tcnwiBiil ot* the Ibnn y* — SA;^" + 1 be 
decoai(K»ed into k» qoaitatic &L*tacSs. prorided k does not exceed 
ttiiitT^ for then it naT abvays be ceplaced by the cosine of an arc. 

^^4.) The geocaetxscil intexptetatton of the foregoing equation, 
piesents a cuiiotts property of the csde, first dkscoTered by De Moivre. 
To exhibit this property, let P be ainr point either within 
or without the circle whose centre b O, and let the 
circumference be dirided into any number of equal 
parts, conmiencing at any point A. Join the points of 
division. A, B, C, &c. to P, then, since in the foregoing 
analytical expression the radius OA is expressed 
by unity, we shall have, by introducing the radius ^^^^g^:^^^j!^\ / \ 
itself so as to render the terms homogeneous, the ^""^^""p-^^^::^ ] 
following geometrical values of the above Actors, y / 

where it is to be observed that ^^ ^ ^ 



iV 




Bti; 
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Q 

l_ POA= — andOP = y, 
3f*« — 2jr«»-^ + l=0P*" — 20P«X 0A« COS. m ( AOP) + AO** 

^— 2y cos ? h 1 = 0P« — 20? X OA co«. AOP.-f- AO«s= PA»» 

m 

j^— 2y COS. ?±^ + 1 = 0P« — 20? X OA coa. BO? -f B0«= ?B« 
m 

y»— 2ycos. i±i![ _|. 1 =0P« — 20? X OAcos. CO? + C0«= ?C« 

m . 

<fec. <fec. <frc. 

Hence, 

OP*"— 20?* X OA* cos. m (AO?) + OA**=?A« x ?B« X ?C« x Ac. 

and tills is Demoivr^s property of the circle. 

(25.) If AOP = 0, that is, if P be upon the radius through one of 
the points of division A, then cos. m (AOP)=s 1. Hence, 

OP*« — 20P«X OA*H-OA*" = ?A« X ?B« X ?C« X Ac. 

consequently, extracting the square root of each member, 

0P» ~ OA = ?A X ?B X ?C X Ac. 

If die arcs AB, BC, &c. be bisected in A', B', Sec. the circumference 
will be divided into 2m equal parts, and, by the equation just deduced 

OP*" ~ OA*«» = ?A X PA' X PB X PB' X <fec. 
that is 

OP*" ~ 0A*";= (0P« ^ 0A"») PA' X ?B' X <fec. 

therefore, 

OP*" f^ OA*" 

"^ ^ = 0P« + OA- = PA' X PB' X PC X<fec. 

OP* '^ OA* 

and these are Coteis properties of the circle. 

IF 

(26.) If now we return to the expression (5), and suppose j: ^ -, it 
becomes 

v^tZi = e?^^ .-. log. n/^^^= -^ n/"^^ 



• Gregory's Trigonometry, p. 54. 



■ ZCyTZ12^T^^^ ClLCUtrS. 






T , 1 T* 



J-*C. 



Tw. v«y lin^iiUr resulu; fiist obtained by JuAn Benwui/''- 
«. T» deraloii tan. i. 

y = Un. I, tberefora ... [ » ] == " 

-f.V , rJS_^ —I 

~d,~~ ^ dx^ 

J.«~="**'""-' • ■ ■ - t-J^] -* 

-|J]^--ia.ee.'i(l + 3t»n.'j) . ["j^"] =' 
^V'li thiik IIIM1 tluti the first two terms of the deFdopment ai 



>>»>kii kimwii th« bw of lh» Mries. The derdopment will b« 
"wlilv tOiiuMHl by nwwi* (if ttiose alrakdy gi»en fiir an, x and 
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Multiplying this by the denominator, we have this expression for the 
numerator, viz. 



+ 



1.2-3 • 1 -3 •3"A-5 



_ifeC.= 



AjxH- A3 
A, 



1 • 2 



x«-f- 



+ 



A5 

A, 

1 • 2 

A» 



ar* -|-<kc. 



1 • 2 • 3 • 4 

Hence, equating the coefficients of the like terms, there results 
A, = 1 therefore A| := 1 



' - 1—2 - 



1 



1 'S-S 



.... 



A, = .^ L-^.J- 

1-2 1-2-3 1-2-3 



Ai 



1 



l-2 1-2'3-4 l'2-3-4-5 

1 



,A,=: 



+ 



A, 



+ 



1 •2«3 -4 '5 



<frc. 



the law of these coefficients being such, that 

4 ___ Aja — 1 Asw— 3 

A«.+. — yrj ~ r-"2"^-"4 "^ =^ F2-3 . . 2/» 



1 '2 • 1 •*-34 

A, 



... ^r* 



1-2 '3 . . (2«4-l) 
7. To develop tan.—* x. 
y = tan.—* X .... therefore . . . . [ 3/ ] = 
dv 1 






1 + x« 



2x 



fPtf 
dx^ 



(l + x»)« 

2 2 ' 4x» 

(J+x«)»"^(l+x*)3 
rf4y ^ 2^J 2^x 2* • 3x» 



i + 



rfi* "■(! +x»)»^(l-f x»)s (l+r»y • • 
d?y y .3 



2*.3«x» . 27'3x* 



r4+ 






• • . 



^1=1 



dx 
— =— 1 =iO 



rfx> 



]=-2 



.4 J 



dx* 



dx* 



:0 

]=23'3 
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.-. n sstui. n^i tn.^ -|- liam.*y^\tiakJy + <fec. 
If V = 45^, thea tan. J = 1 ; 

27/ From tiiis senes an appcoximatioa may be made to Ae : 
oircuniiK^reice of a circle^ bat, from its Toy slow coaveigeiicyy it is not •- 
^li^.ble for ^us parpose. Emier has obtained from the above general 
ievf^Lopment a senes much more suitable, by help of the known 
ronnuiiu i'Gregnjry*s Tri^^ page 46i^^ 

*-- / I *^ twi.« + tMi.* 

ivr. when a 4> 6 =: 45°, tan. (a -f 6) ^ 1 ; dierefixey 

talk. • + tan. 1 = 1 — tm. • tan. 6. 

It eriier tain, a or tan. b were given, the other would be determinable > 
from t!ii:$ equauon. Tfans, if we suppose. 



it + 1 

Now the vohie of « is aibitianr, and oar object is to assume it so tint . 

th^ sum of the series, eip ce ssing die arcs •, 6, in terms of their tangents, / 
may W the DMKt coBvei^ienL ThisvahieappenstDbeii:=2 or n=s3; 

tht^n»K>ie. taking « =s 2, we have - 

tan.« = },taii.»=ri. 

1 ieiKw substituting in ^ g e u e ia l deielopBent • lor jraood ^ lev tan. ^, 
And then again ^ Ibr jr and } for tan. k, die som of the lesnhiiig series 
'vill express the Wi^ of die are • + ^=45^, dnt b 

(28.) Anotjat fcan €f ikfKlnpff m^ alffl more comeigent than this, 
has been fdilriMii ty K Jkf*«Mr from die ftnmila 

2taB.« 



I — 



li»|illHBtM.S«s^ dieRibre tc < 450, because tan. 
^'Ai^ ««Im of S« we deduce 
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^ 8 tan, 241 _liO 

1— taB.*2a 119 

.*. 4a > 45^. 

Let now 4a ^ A, 45°^ By A — Bsfrsexcess of 4aabove 45^', then 
ifebsnre45^=A— 6. But 

tan. A — tan. B I 

tan.(A — B)=tan.6=s— -— 5=:rrz— 

^ ' 14-tan.Atan.B 239 

Consequently, if in the general development we replace ^ by a and 
tan. y by I, and then multiply by 4, we shall have the length of the arc 
4a, and, since this arc exceeds 45° by the arc 6, if we subtract the 
development of this latter, whidi is given by substituting ^ for tan. y, 
the remainder will be the true development of 45°. Thus 

450— .4 /-J L- J — 1- Ac.) 

** ^2 S-5»^5-5» 7-6^^ ' 

— (1 \ 1 \ Ac.) 

This series is very conveigent, and, by taking about 8 teems in the 
first row and 3 in the second, we find, for the length of the semicircle, 
the following value, viz. 

X =s 3 • 141592653589793. 

If we take but three terms of the first and only one of the second, we 
shall have «- = 31416, the approximation usually employed in practice. 
(29.) Tlie following examples are subjoined for the exercise of the 
student: 

8. To derolop y = sin.—' x. 

_ gin.*y 8»8in.»y 3«'5»iin.7y 

y — sin.y-H 1.2.3+1. 2.3. 4. 5 +1.2. 3. 4. 5. 6- 7 

9^ To devetop y =x COS.— * X. 

« ^ 1 X — cos. V A — h *c. 

t^_Sir *^-yT^i.2.3 l*2'8*4-5~ 

10. To develop y =3 cot. x by the method of indeterminate coef- 
ficients, as in exAmple 6. 

«^* 1 * ^ 2x* - ^ 

cot. X s= «€. 

s 3 3*-5 3**5-7 

1 1. To develop y = (a -|- 6x -|- ex* -f- <kc.)». 

(a 4- 6x -f- <?«• + <kc.)» =s 



Tifr a- SB- TTn'' i iHit iiiL *iirir"i. or I>f UoinE. It is given in a foy 



.■:> r a^:l-''«i^ 'tssl'jssoa. axd ox the difterextution 

aXI JifrrXLOKIZHyT Cff DfFUCIT FCXCTIONS. 

JL. Ji i»! dkK>iiiiL nBBTne: ws: 'waiwymw'. the ^ron* of the general 
ofTEsumBsi: xc' HK^ •fimmnr J s^*,^ We bere propose to investi- 

ofrguiiiiiniaii: of hk smit 'fimmnr .. ^W ioiOoirii^ Liinim^ musty how- 
.fivs. K -josnuiBCk. Ts. ^HC if iL azK- fancnnn of/ H- 9 one of the quanr 
7^ /. K xicsoiit. usL iut adaer fwwamr ^i« may detennine the 
jaJoBXEoL en5&aEan&. wifaoai iaqaims whidi is the constant 
2n£ -v^xirs: ^ '"vacik. for ^ie» coeficie^ 

tc TjcalcMt'' ^xs- jrifTirapif is jQmost monuDc For as the fbnctka 
asBBMB^ t«Jt fflif rcaiat ^« mar pni /H-^=xorF(p + y)--Fx, 
ad «ttc«««rcf a* j«w > ^ ukesiheinafment A, dieted 
§4 neoeflBah- die sunt: beooe die devdopment of this fimction is the 
Mmeon eidMErlnrpodkesisy *^ dterefcred^aeooodlennof diatdevdop- 
nymt, yMJ bcDoe also the difisrential ooefficKm. Hie first differential 
co«ficieflt bemg the same, die soooeediDg most be die same; therefore 

^ 4fF(/-f f)^ <ftF(p+f) 

«vtiflter«r b« die value of «. 
M now ymfXf and YsF (» + A), and assume, agreeably to 
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A,ByCy &c. being unknown fimctioDS of x, which it is now required 
lo determine. 

Suppose, fiist, A to be variable and x constant, then, diflerentiatine on 
diat supposition, we have 

^ = A -f- «BA 4- 3CA« -f- Ac- 

an 

Suppose, secondly, that j: is variable and h constant, then the difTcr- 
ential coefficient is 

But by the lemma these two differential coefficients are identical, 
hence equating the coefficients of the like powers of h there results 

A = ^, B = J^, C = iL, *c. 

that is 

A=^, B = i5L.±, C==J^.J_, dec. 

Hence the required development is 

dx 1 ^ d*« 1-2^ dx* l-2-8^ 

If A is negative, the signs of the alternate sums will be negative. 

When we wish for the development of the function Y=:F (j- +A) in 
any particular stale, that is when x takes a given value, we have only to 
substitate this value for j: in the general expressions for the coefficientj> 
previously determined, and we shall have the development according 
to the above form, that is, provided of course, that the development in 
such fonn is possible. But if the value chosen for x render the develop- 
ment impossible, the impossibility will be intimated to us from the cir- 
cumstance of some of the terms becoming infinite, as explained in 
art. (4). It may, however, be proper here to remark, that even in 
these cases of impossibility, the leading terms of the development a.s 
given by Taylor's theorem, are still true as far as the first term that be- 
comes infinite. But as we propose to devote hereafter an entire chapter 
to the examination of the /ai/iwg cases of Taylor's theorem, we shall not 
enter into the inquiry here. 
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*9 -^- ^ — COB. *, Ac. 



Xr — r h*C. 



1*2 



i*s-^ 



l*i^l-i-3-4 



— 4kc) 



IV s«:Ytif$ ^«illMtt te ymiirtMnnj ve lespedndt^ eq[«d lo oos. A and 

$iB« (jr 4- A> ^ 9Ui« X COS. A + sna. A eos. x» 
<. To «)i^««lop CO*. i,x + k). 

V *i vH>«« V .•. -r-ac — sin. x, — -~^ — cos. x, -33-^1411. x, Ac 
ax aa^ «x* 

i«i«i. (I -f A) ^€03. X — sin. X A — COS. X T-;-— + nn. x - ^ .2.3 +**" 
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1 • 3 1 • 2*3 ^ 

sin. X ik — ; — r— - 4 — ; — 4-^.) 

Hence the property • 

COS. (x + A) = 000. X cot. k — lin. x lin. A. 
From this property, and the analogous one for the sine of j: + A de- 
duced in last Ezampky die whole theory of trigonometry flows. By 
putdng A = (m — 1) x, these two properties become 

sin. jwx =r sin. « cos. <««— 1) * + "in. (w— 1) x cos. x. 
cos. fxxscos. xcos. (m — 1) x — sin. x sin. (m — I) x. 
two equations which will be employed to abridge the expressions for 
the differential coefficients in the next Example. 
3. To develop tan.-» (x -}- A). 
y ssstan.— *x 

^y 1 

— r- = J— ssscos.V 

ax sec.n/ 

-—■^^ — 2 sin. 2( COS. y -^ = — sin. 2 y cos.*!/. 
dxr dx 

cPy . dy 

-^ = — 2 (cos. 2y co8.«y — sin. 2y sln.y cos. y) ~ • 

dy 
= — 2 COS. 3y COS. y ~ 

dx 

= — 2 COS. 3y cos.'y 
— ~ ^2*3 (sin. 3y cos.'y + cos. 3y sin. y cos.*y) j- 

= 2*3 sin. 4y coe.'y -p = 2 * 3 sin. 4y cos. ^y 

ax 

— -^ = 2 • 3 • 4 (cos. 4y cos.^y — sin. 4y sin. y cos.'y) -j— 



* It should not be concealed from the student that the property here 
deduced is, in fact, involved in that which we have employed to obtain the 
differential of a sine. If, however,, we consider this differential deduced 
as in Note A at the end, theii, the inference above, fairly establishes the 
property in question. 

e2 
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4rc, Ac 

hentf 

. , , ... , - . an. fm OCM.V .. 

5 ^^A^-h 5 ^A^-h 2 51 A* — to 

4. To defelop log. (x -f A) aoooriiiig to tbe powen of A. 

•Of. (x + *)»toB.x+JI {i._^ + ^_^ + 4e.} 

.■s. To defiiriop tu. (x -|- A) aBnorfhig to the powen of A. 

UM.(x^k)mzttm.t^ «c«r . A + 8 «c V tall, x -^ ^ 

« •«>.% (1 + 3 tali.«r) -p^ + Ac. 

.v^ B\' RMans of the theoion of Tajlor may be obtained a i&f 
. . o»)rkv1tow« and vtsehl fonn for &e pq)resentatHm and sabsequent de« 
f. MMirmtion of the diflerential coefficien t , when the function iscompli- 

1 v\ «/ «. l^^ V heiog any ibnctioD of Zy which we may repieseDt by 

du 
^ ^,. nnd Vn it be required to find iSbe expression for -7- . Let i 

ax 

• .i« Ou im-w^wwmt A, then since y^fxy die corresponding increment 

•' V iviii. ^^ TXvWvrVi thMrem, be 

< ••?; (hp. iiH>fMmmf i(\ ih<m die correspondii^ increment of k will be 

» V *s <^*' .^v . rf*v A* 

</v V.r dx* 1 • 2 * 

rfv« V*- ^ rfx« 1 • 2 + *^-^ 
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Hence dividing by the increment A of the independent variable, and 
taking the limit as usual, we have 

dFy du du dit , du dy , 
dx dx dy dx dy dx 

It appears, thereibre, that the differential coefficient j- is found by 

differentiating the function, on the hypothesis that y is the independent 
variable, and then multiplying the coefficient thus obtained, by that 
derived from y considered as a function of x. 

(34.) The following examples will suffice to illustrate this mode of 
finding the differential coefficient. 

1 . Let » sss av where y^sb* 

Ut -^ = ar log. a, 2nd. -^as b')og*b 
dy dx 

du du dy A, . , , , 

.•.-—=--- . -r-=ia^ b* log* ab 
dx dy dx 

2. Lettftslog.y, where y=: log. X 

^ du 1 dy 1 

d*"" y ' dx * 

^ du^^du dy^^ 1 
'dx'^dy * d*"" X log. X 



3. Let II =: sin. (-^)* 

il'\-x 



to ♦ / * N* du d sin. y dy 



2ax 



a+x " dy dy ^' dx (a+O 

du _^ , X ^- 2ax 
.-. r: =ss cos. (— — )» . 



3 



dx a-\-x (a-{-xy 

4. Let u £« cot. as', y being = log. 



x' 



du . , dw a* 

.'. -p = — cosec'ay ♦ av log* a, —ts — — 



dy ^ ^ dx x(a«-+-x2) 

du a« 

»*. -T* = — cosec.'flS' , a9 log. a . 



dx ° x(a«-f-x») 

(36.) Let us now take the more general function « == F {p^ g), p and 
9 being functions of x, and suppose that when x becomes x-^-hyp and q 



h -"^ W \l 



■■-i i.--L^&> 






of 

wfflbe- 
if kiRR 



' • f 



T ».»> i* 



•t. 



«^ li 



7^-«. 



i — < vc life 

c 



~~ — ^ _J._*t...(J) 



m(l) 



vfilbe 



« >- A «;r 



P),(3) 






*»W«* -fcSii^ 



^^«e. . - .(4) 

sum X aking 



r - * 



ff" -v 



^vnEOttusiit I. 




— • 



t+«;»a 






»-^- 






»■ — 
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wiae u^V {p, q, r*) .*. putting r + A* fw K. 

• dv .. du dv ' dr 

du dtf dr 



dr 
But ^'^ = — A 4- &c. consequently 
ds 

H-«fec. 

d9 Aj ;^ I f£ ^ I *'*' ^ 

dx'^dr ' dx dq ' dx dp ' dx 

and SO Oh £)r any mrnibar of fimctions. Hence Ae rule b to diffkren- 
tiate the expretnon with regard to each of its conttituent functions 
severally, as, if all the others were constants, their sum will be the re- 
quired differential. 
Cor. lip is simply x then in the function u = F (j:, q), 

du^^du du dq 
dx"^ dx dq ' dx 

and in the function tc = F (x, q, r), 

du du du dq du dr 
dx dx dq dx dr dx 

(37.) We must not confound here the — on the left, with that on tiie 

dx 

right, in these equations, for the former denotes the total differential co- 
efficient,^ of which the latter forms but a part, and is therefore called a 
partial differential coefficient. It is to be regretted, however, that 
analysts are not agreed as to the best means of distinguishing total from 
partial differential coefficients^ and accordingly in most works on tbe 
calculus the same symbol is applied indiscriminately to both ; a circum- 
stance likely to prove a frequent source of perplexity to the learner; and 
to avoid which we shall, throughout this volume, always distinguish the 
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(381) We 
tfaft rnfe iiuiui f'f I 



br f^tr^t^trnfr it in braces^ so that the tw( 






dm d» df 

^<ir df ' dx dr ' dx 



add a fe«r estaiiipiesy blowing the applicatiOD i 



U Uras 



ESAXPUSS. 



( — } = h-r- • -r- • Now 

*^iir* dx dy dx 



.«I» JfjS^ 



. -=-^ — cosec.^ . a^log.j-j- 
^ ax 



" " \~Z,* — — ' 



^l_^,^ mjx^y/x-^l/x-^^x) 
Jr4-^jt4-yx-|- ^x = f .-. ai^F (x, y), and 



«w afx 



dm dm ojr' da .da _ 



+ 



-i-4- — + 



4x^ 



hdnca 



(«»4-y*)» 2x* 3x» 4x* 

Ml Ltt u B log. tan. -^y y being a function of x 

^^ r ^ — — 




X XX 

Im^^i. yalB. — 008. — 

5 i' 9 



THE DIFFERENTIAL CALCULUS. 47 

d tan. — iec." — . — ^ 

rf«^y^ L— y y* f&__ 

y tan. — tan. — w* fin. — cof. — 

y y y y 

hence 

i^i — y—* *h 

^dx^ . , X X ' dx 

jT sin. — coa. — 

y y 

4. Let u = log. (x— II 4- >/x» — 2ax) 



''^ n/x«— 2ax 

5. Let t« s= COS. X*ia.« 

.'. {3-} = COS. l^« (cos. X log. COS. X ) 

dx^ ^ ^* COS. i' 



Implicit Functions. 

(39.) Hitherto we have considered explicit functions only, or those 
whose forms are supposed to he given. We shall now consider 
implicit functionSy or those in which the relation between the indepen- 
dent Tariable x, and function y, is implied in an equation between the 
two, and which may be generally expressed by 

F(x,y) = 0. 

The deductions in article (36) will enable us very readily to find tlie 

coefficient -p from such equations, without being under the necessity of 
'dx 

solving them, a thing indeed often impossible. 

If we turn to the corollary in the article just referred to, and substitute 

y for 9, we find 

,dUy du . du dy 

•dx* dx^ dy dx 

But here « =sF(j:, y) = 0, therefore {— } = 0, for uf — u being always^ 



0, -- — is always 0; hence, 
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dx dy dx 
tmm which equation the difibienttal coeffidaU is immediate deter- 
minable: it is 

dx dx ' dy 

hence, having transposed the terms all to one side of the equation, we 
must differentiate the expression as if y were a constant, and then divide 
\\\Q resulting coefficient, taken witii a contrary sign, by Aat derived from 
tlic same expression, on the supposition that x is a constant. 



EXAMPLES. 

du ^ ^ du ^ ^ dy my — x 

dx "^ dy ax y — mx 



2. Let *» -h 3a^ + !/* = 0. 
.•.«!?:!« — S*» — 3«y, ^ = Sa* + Sj^ .-. ^ = — 



x^-^-ay 



dx "' dy ' " dx ax+y 

It the necond difibrential coefficient be required, we have 

(«' 4- y*) (2^ + «^) + (:r« -f ay) (a + 2y±) 
a'y dx dx 

llJ' ^ {ax + y^y 

"I Hulwlltuting for ^ its value just found 

''»' {ax-\'y^y 

{ax + 1/«)« 
2jt/ (2^ + 3fliy -|- ^') — 2a'Tt/ 

"" (ax -h y*)» ' 

ihnt is since x^ -f. Saj^y 4. j^-^q, 

rf'y 2a' a?y 

. e wiy* — ay = ,,4 to develop y, according to the ascendin^ 
powers Ota*, 
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9 



dx dy ^ dx Smy* — j* 

iiereforey calling the successhe diflertntial coefficientf p, ^, r, 4;c. 

y_ y"-3myV — ay 
(3i«3r»_jp)« ' 

3my^y-f-2*3tiii3iy*4-jfy (y — 8>wy> — ay) (12iiiyp~2) 
''^ (3«y» — »)• (3j»y« — «)» 

(fee. <fec. 

rberefore, by Maclaurin's theorem, 

^ ^ 3m 3*»»«^ 

4. Let y*j? — m' (y + «) = 0, to develop y according to the m- 
rending powers of x. 

Representing, as in last example, the snccessive differential coefficient:^ 
^1 P) 9> ^y <fec. we have 

_J^P,^f^ ^,N 3y«+2'3a3 y . ral-o 

. r-l- 2«3iy« 2«3m»(2jy-f .ay') » 
••■- J~ 3^a— JS* (8^ — m»)a ""' 

- _ 2 *'3y^ 2*3*3 m^p^ _ 2*3 '4 

<&c. <fec«' 

Hence, by Maclaurin's theorem, 

y =r — « r r- — «C. 

6. Lety«-f 2a!y+dJ»assa»,toflnd-i' 

6. Let . ^' N> = 8y — 5LIZ* — a? 4- 6 to find ^ 



50 THE DIPPERENTIAL CALCULUS. 

dy 3 J — 26 — a 
*^ 2v * — h 

7. Lety»— 3y-i-x = 0, to deTelop y according to the ascending 

powers of j, 

v = — + — +^-h<fec. 
y— 3 -1-34 ^^36^^ 

8. Let m^»x— y = m, to derelop y according to the ascMdiBg 

power? of X, 

y = — m — J«*x — Sm'x* — <fec. 

9. Let Mir*— *^ = WM^J to develop y in a series of descending* 

powers of x, 



ON VANISHING FRACTIONS. 

Fj. 
(40.) It is here proposed to determine the value of a fraction — in 

the case in which, by giving a particular value a to the variable, both 
numerator and denominator vanish, the fraction then becoming 

Fa __ 

/a "■ 
As such a form can arise only from the circumstance of the same fector 
r — .fl being common to both numerator and denominator, it is plain 
that if we can by any means eliminate this fector before our substitution 
ot « for a:, we shaU then obtain the true value of the fraction. 



• This wUl be effected by subntituting -L for *«, which will transform 

the equation into muh -^m, . * 

ascending pov ', miH ^*"~ '^^ then developing y according to the 

■ "tojwards restoring the value of a-. 
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Sometimes the vanishing &ctor is manifest at sight, and may be 
'lunediately expunged, as, for instance, in the fractions 

(x — a)x a*— a» a*— iojp-f-** -, 
hx —ab (a — xY "^ — ** 

which each become ~ when x^Oy and which each obviously contain 



the &ctc^ X — a in both numerator and denominator. In these cases, 

therefore, we at once see that the values of the fractions when xsstt 

are, severally, 

-r-, — OD , 0, <EC» 
O 

In certain other cases the value, although not so easily seen as in tlie 
foregoing instances, may, nevertheless, be soon ascertained, by perform- 
ing a few obvious transformations on the proposed fractions. Take the 
following example : 

\/x — /y/ g 4" >/ (J^ — g) 

which becomes % when x=za. 
This fraction is the same as 

s/x^s/a . 1 



and the first of these is the same as 

X — a *v X — a 

V (ar» — a«) (v^ a? 4- V «) "" '^ (* + a) (>/ « + V «) 
and this when j: ^a is = 0, therefore the value of the proposed fractiou 

when j: = a is -7= . 
V2a 

(41 .) But the most direct and general method of proceeding depends 
upon the differential calculus, and upon the development of functions, 
and this it is the principal object of the present chapter to explain. 

We shall premise the following lemma, viz. In the general develop- 
ment 



'jl 



.-^ 



^'r^m&A^ dMl j uj f p a nic» hr lalic mm. tD^can cme Fx,ttd ... 

f Y ^r vQdi aw)d be tte caK, tfen^iv tte pntkidar ^ahie « we 

F(« +!)=•, 

v^rjtJ/:v*:rb« the fatneofA; baft F«sO, and Aerefiire die pieccding 
«:q.i;tr.oa can om only when il =0, wtoga» the hjpmhea s siypoaea it ^, 
' / <:Xi«t iriaepcndcntljr oftheTahie of A. 

l>:t. M/w, in the pcopoeed fiaction, xbe Ranged mto x + A, then, by • . 

<i<:V«:IoMCI2 both ppmg iato r and dc ii o min atgr- iihAMMMMi 



\ti\>ii\% both niimffato r and denonrinatnr, it 

v>t»4:t<: i"/y F'^jr, &c. fxxfx, kc 316 pot fcr the soooeasive difioential 
< 'A'Hicurnts divided by as many of the hetaa 1*2-3 &c as there are 

\i III thi» we substitnte ahi x, then, since bodi Fx and/x vanish, 
ih<: Tf .Ktion becomes, after dhridiDg muneiator and denominator by A, 

ra -h V^aA + T"al^ ■}- Ac. 

/'fl +/'flA +/'"aA« + Ac ^ ^' 

Fa 

and tiii^ fraction when A =r must obviously be equal to ---• that is 

Fa _ F^g 
/a -/'a 

J /, iiowever, both F'a and fa are also 0, then, expunging these terms 
fioiii the fraction (2) and dividing numerator and denominator a^ain 
l>y //, we have, when AassO, 

Fa _ F*a 

fa ■" fa 

Ta 
lud 'i on, till we at length obtain for -r a firaction of which the 

/a 

iior and denominator do not both vanish, and such a fraction we 

;illy shall obtain in virtue of the preceding lemma. 

11 Mir.- ilui following rule to determine the value of a fraction whose 

niiiiH r;iiMr und denominator both vanish when x = tf, viz. For the 

nuun ni/nr and denominator substitute their first differential coefficients, 

timr snnnd differential coefficients^ and so on till we obtain a fraction 



fiuiiK-r 
cvriihl 
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in vkich numerator and denominator do not both vanitk^for x ssa, ihu 
will be the true value of the vanisking fraction. 



EXAMPLES. 

a* — 6* 

1. Required tbe falue of when jrssO. 

F'jp ... F'a , 111" 

--— = log. a . a*— log. &.4».'.-7r- =log. o—log. *=log.-T- 

f X . J ^ ** 

jfl ILr + 2 

2. Required the falue of ^_ , ^__^ when *= I. 



jiffeientiating again 

/•«"■ 12«*— 12 •••/'«"■*""*• 

3. Required the falne of i-'^;'''^^'> bep* = 9(y>. 
^ iin. w 4- COS. X — 1 

F'x C08.« + 8in.« . F'a _^ 



/'« co«.4r — sin. AT /'a 

4. Required the falue of 
a?-f-a^— («4-l)*J^+'-Kg«*4-2« — l)g*+*— »*^-^^ 

when x= 1. 

Fj _ 

1 + 2j — (w + lyi* 4- (» 4- 8) (2»* -h 2ii — 1 ) j«-f ' - n» (n -h 3) i"-f ' 

3(1—*)* 

Fa _ 
F'x 



2— ;t(w+l)3a?^»4-(n-f-l)(2n»-h6«»-f-3n— 2)^-(n4-2)(n»4-3w»)^"-h i 

6 (1 — a?) 
. F'a 

f2 



/». Rfqnlnd tbe^oe of -5 ^^J»n '=<>• 



54 THE DIITSILEKT1AL .CALCULUS. 

ZH 

^'« _ n(n'^l)(^-\-l) _ Fa 
■•/"a"* 6 /a 

K. Il«]iiti«d the lite <if '''^''^""^ wfaenx=90'>. 

COS. X 

Fa 

* l^nlred the lahie of when x = 1« 

cot.x-— 

S 

F'« 2 



^. Iteqnlfed tkevilne of; — '^'^* whmx=:a. 

log.a— log. X 

F'tf 

'" :Hll« 



v4?^ I1, ui thf application of the forgoing rule, we happen to ; 
.it 4) dii)t;T>eut»l coefficient, which becomes infinite for die proi 
Talut^ x^A, wr must conclude that the development accordii 
Taylur s Hieofem is impossible fortiiat particular value of the var 
*^od that, therefore^ the rule whidi is foimded on the possibility o 
development becomes inapplicable. 1^ process^ however, 
adopted in such cases is stUl aaalogoos to that above, depoiding 
rlie development of the numerator and denominator of the pro 
liiiction; but here this developmeot must be sought for by the coi 

Mitfflbmml m^Aodt. 
M MN% III V bt t fltoHon wfaidi becomes f ii^en we cha 

fm^ ind lit te tmas of the firactio 
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developed accordiiig to the increasing powers of A, other by involutioOy 
the extraction of roots, or some othet adgebcaical process, then we shall 

have 

F(aH-A) AA* 4-BA^ -f <fec. 

a and a being the smallest exponents in each series, /3 and /3' the next 
in magnitude, and so on. Now these three cases present themselv^, viz. 

In the first case by dividing the two terms of the fraction by h* , and 
then supposing A^O, there results 



- 


Fa ^ 

fa A' 






In the second case the result of the same 


process is 






Fa A 

fa ""A' 






In the third case, 
then supposing A = 


, by dividing the two terms of the fraction by h*, 
i 0, the result is 


and 




Fa A 

fa "^ ""*' 







It appears from these results that the development of the numerator 
and denominator need not be carried beyond the first term, or that 
involving the lowest exponent of A,* and according as the exponent in 
the numerator is greater than, equal to, or less than that in the denomi- 
nator, will the true value of the fraction be 0, finite, or infinite. We 
have, therefore, the following ruler 

Substitute a + A for x, in the proposed fraction. Find the term con- 
taining the lowest exponent of A, in the development of the numerator, 
and that containing the lowest exponent of A in the development of the 
denominator. If the former exponent be greater than this latter, the 
true value of the firaction will be 0, if less, it will be infinite. But if 



♦ The first term which actually appears in the development is of course 
meant here. Those which may vanish in consequence of the coefficient 
vanishing not being considered* 
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these exponents aie equal, divide the coefficient of the term in the 
numerator by the coefficient of that in the denominator, and the true 
result vfUl be obtained. 

This method, which is applicable in all cases, may frequently be 
employed advantageously, even where the preceding rule applies. 

• 

EXAMPLES. 

9. Required the ^ue of ; when j? = a. 

(«»-o»)* 

Substituting a -f A for jr, we have 

F(a4-A) _ hi (A — a)V ( — aAji-f-A c. 

/(« + ^>""A*(3a«+3iiA4-A*)*"" (3a«A)* + &c. 

Since the exponent of A in the numerator exceeds that in the denomi- 
nator, we have 

Fa 



/« 



ssO 



10. Required the value of -^^^ — ~=~-^^=^ when «=:a 

(see p. 61.) 
Substituting a -}- A for x» 

/(« + A) ■ /,4(2a + A)* (2flA)*+&c. 

11. Required the value of ^^["^'^^f^^^ when * = a. 
Substituting a 4- A for «. 

F(« -}• A) ^ A? (2g 4- A)i + A A 4- Ac 
/(a-f-A)"^ (14.A)»— 1 -"SA-h&c. 



• To develop this according to the ascendfng powers of A we must write 
it thus: ( — a + A)s and apply the binomial theorem when we have the 
series ( — a)i -f i a-i A + <fec. 

2 
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•fa-* 

12. Required the value of ^ — ^-^^ — "^ — when x^a. 

(2a« 4- 2i«)* — a — X 

Suhstitnting a + A for x. 

F (g + h) _ a (8g« ■{■ 12a«A ■{■ 12flA« -f 4A»)i ^^^^gh 
/(a-^-h) (4a» + 4aA + 2A«)* — 2a — A 

which, by actually extracting the roots indicated, 

a (2a -f A 4- -^ -f Ac. --2a — A) 



2a -f A 4- — + <fec. — 2a — A 
4a 

^2a ^ ^ Fa 2 



^+*c ••^''~' 



4a 4a 

Tliis example is perliaps more easily performed by difierentiation, ac- 
cording to the first rule : thus 

F'x_ a (4g» 4- 4x») -t 4j« — a ^ Fa_ 
7^"" (2a* 4- 2x«)~i 2x— 1 '''fa " 

F"x_ — a (4a» 4- 4x^ri S2x* .4- a (4a» 4- 4j«)~^ 8x 
/"^ "" — (2a« 4- 2i^)~i 4x» 4- 2 (2a« 4. 2a»)"a 
F'a 2 

a 

(43.) Having thus seen how to determine the value of any fraction of 

which the numerator and denominator become each for particular 

values of the variable, we readily perceive how the value may be found 

when particular substitutions make the numers^tor and denominator 

Fa 
each infinite. For if -7-=i5. then obviously 

Fa_ fa _ 

/a"" 2. "~ ^ 
Fa 



irss St 




9te 
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1 ] 
Fa 



_ - ^fa Fa_JB^ 

•^" "" 1 "" 



Fax /a 

The following example belongs to this case: 

15. Required the trae Tiilue of the difference x tan. x — | ir sec. x^ 
wbenx:=90^. 

J^_J_ __V 1 

f» Vx i y sec, x x tan, x x sin, x — | y 

1 I "" C08.« 

Vx x/' X tan. x X ^ir sec. x 

by substitatiiig for sec. x, and then diTiding numerator and deno- 

cos. M> 

oinator by 



^irx tan. x 



™ ^, X cos. X 4* sin. X „ J, 
.-. Fx— /af= p- .•. Fa— /a = — 1. 

— sin. X 

It should be remarked that in this, as well indeed as in the preceding 

cases, the transformation requisite to*reduce the expression to die form ^ 

in many instances at once presents itself to die mind, when of course it 

will be unnecessary to recur to the preceding formvdas. The example 

sin T 
just given is one of these instances, for since tan. j:= — ^, and 

COS. J 

sec. x^ 9 die proposed expression at once reduces to 

COS. X 

X sin. X — i IT 
cos. X 
which is the required form. 

(46.) We shall terminate this chapter with a few miscellaneous 
examples for the exercise of the student. 



of* — 1 

16. Required the Talue of —, when « =s 1 . 

X — 1 



Ans, ] . 



- a«r* 4- oi^ — 2acx 
IT. Required the Talue of , J_ , — -r-r-j- when.«=rc. 



Ant, -r- 
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IS. Reqaired the nJpe of ^ ~ °^^ "^"^ "^ '^,whenx^a, 

Ans, 0. 

19. IU«i.irM th. ^X f (2«'^ ~ x^)* - « C^x)^ ^^^^ ^ _ ^ 

a— (aoT*)* 

16a 



Ant. 



9 



1 — X "4* lofiT* *r 
i^ ReqniicdtheTaUieof ^, whenx =1. 

1 — (2x-x)» 

^ii#. — 1. 

Al. R«<|iiinatlMTalQeaf- — ^^^^ ,when;r=l. 

1 X -f- log. X 

Ans, — 2. 

22. Reqniied the lalae of — llZl^lhf ^j,^ * = o. 

Bin. dp* ' 

iS. RcqmwdtheYiilneof*^°^'^""^^~^?,wheng=a;l. 



(« — l)log. d? 



^ji«. \. 



i4. Required the value of S !ii_, when x^a. 

(« - a)* 

•r 1 

iji. Required the value of — > when ar =: 1 . 

X — 1 log.«p 

Ana. |. 

Ana, aD. . 

Ana, — 1. 
^|^^4lg| ||» ,rt«» of -J- . tan. - when X = «. 

ir 
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29. Required tbe rtlne of ^\ 7* , when x = 1. 

^ cot. I IT X 

e'-^tf ***** 

30. Required the value of -. , when x ^ 0. 

^ X — flln.x 

Ans, I. 



ON THE MAXIMA AND MINIMA VALUES OF FUNCTIONS 

OF A SINGLE VARIABLE. 

(47.) In any function y=iYx let the independent variable take a 
particular value x ^ a, as also a precedii^ and succeeding value x = 
a — h and x^a-\-h, then the corresponding values of the function, 
arranged according to those of the variable, ynUX be 

F(a — A), Fa, F(a + A); 

and if a be such that for any finite value of A, however small, and for 
all intermediate values between this and 0, the middle value Fa exceeds 
that on each side, the value a:=: a is said to render the function a max- 
imum; but if the middle value continue less than that on each side 
between the same limits of A, the value x^a \s said to render the 
fimction a minimum;* so that we are not always to understand by the 
expression, maximum value of a function, the greatest value such function 
can possibly take, the term being of more 'comprehensive meaning, 
applying to every state of the function which exceeds its immediately 
preceding and succeeding state. In like manner, the minimum value 
of a function does not always imply the least possible value of such 



* This definition of a maximum and a minimum is but a slight alteration 
of that given by Dr. Lardnerin his Differential Calculus, p. 103. 

o 



* * .>J.U> l^-.....^.'& 



^=^^ -ssst r li: imcDGL viiich is 




.-I-. «:.- . rv:r : Tifcx /nu vri^^ted term 



•ry 



^^ X ZB: af"!efnnmsi:i. and let 



2i- •«::=; *-"■ :t£ iBSCXBSxSL x £ obnous 



SIS' 7^ iSf '3SSZ. iZX piD* 



2fc£i2> m^ i3i:n SbSfcxise those 



r:^ 3f . jk 'iki^r^ nm .' ^ A. ihen bv 



; -2-i 






■**^^ ^^ v-'vv.vtf^ :^v: .^i J md^»jt.A.ii^ ibei there 
*"*■ •—*" '^•■■- --V T.T l1 7H: nyrzieiiiate values 



« - is 






^ - 2 ~ '~77^. 1 .g.3 - <>^-<^- < . . . (1). 
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Bat if this value render the functioD a minimum^ then, for all the inter- 
mediate values of A between A = A' and A = 0, we have 

Fa < F (a ± A) 
and, consequently^ 

±[£l *+[-&! l^=tt-Sl P^+Ac.>0...(2). 

It has, however^ been proved above^ that a value may be given to A 
small enough to render the first term in each of the series (1) and (2) 
greater than the sum of all the other terms, and that this first term will 
continue greater for all other values of A between this small value and 
Of so that, for each of these values of A, the sign belonging to the sum 
of ^ whole series is the same as that of the first term; it is impossible, 
therefore, that either of the conditions (1) or (2) can exist for both 4- 

r^lAand — [^] A, unless [^1 = 0; we conclude, therefore, that 
ax dx ax 

those values of x only can render the fimction a maximum or minimum 

which fulfil the conditicm 

expunging, therefine, the first term from each of the series, (1), (2), we 
have, in the case of a maximum, the condition 

and in the case of a minimum. 

Now the former of these conditions cannot exist for any of the values 
of A between A:=A' and A:=0, by virtue of the foregoing principle, 

unless [^] is negative, nor can the latter condition exist unless H^] 

is positive, that is, supposing that these coefficients do not vanish from 
the series (3) and (4). 
We may infer, therefore, that of the values of x which satisfy the 

condition -7-=0, those among them that also satisfy the condition 
dx 



64 THE DIFFE&EKTIAL CALCULUS. 

^ < bekng to maximiirn values of die functioDy while those fuIfiU- 
in% the condition —^ > belong to minhnnm values of the function. 

djr 

It is pos^le, however, that some of die values derived from the equation 

-:? := may, when substituted for x in —^^ cause this coefficient to 
dx or 

vanish, in vdiich case the conditions (1), (2), become 



and 






which are bodi impossible unless [-3^] = 0, for reasons similar to 

those assigned above, and, unless, also [-3^] < in the case of a 

dx* 

maximum, and [ — —'\ > in die case of a minimum; that is, on the 

dx* 

supposition that this coefficient does not vanish from the series (5) and 

(6). If, however, this coefficient does vanish, then, for reasons similar 

to those assigned in the preceding cases, die foUovnng coefficient -— ^ 
must also vanish, and the condition of maximum will then be [— 4- 

< 0, and the condition of minimum [^^] > 0, and so on. 

It hence appears, that to determine what values of x correspond to 
the maxima and minima values of the function y ^ Fx, we must proceed 
as follows: 

Determine the real roots of the equation -^:=0, and substitute them 

dx 

one by one in the following coefficients — ;^, -~, &c. stopping at the 

cur dx^ 

first, which does not vanish. If this is of an odd order, the root that we 

have employed is not one of those values of x that renders the function 
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either a Tnaximtim or a minimum; but if it is of an even order, then, 
according as it is negadre or positive, will the root employed correspond 
to a maximum or to a minimum value of the function. 
(50.) It must however be remarked, that, should aoy of the roots of 

the equation ^ ^ cause the first of the following coefficients, which 
ax 

does not vanish, to become infinite, we cannot apply to such roots the 

forgoing tests for distinguishing the maxima from the minima, because 

the true development of the function for any such value of x begins to 

difier in form from TayWs development, at that term which is thus 

rendered infinite (4), so that we cannot infer, from Taylor's series, 

whether the power of A, which ought to enter this, is odd or even. 

In a case of this kind, therefore, we must find, by actual involution, 
extraction, &c. the true term that ought to supply the place of that 
rendered infinite in Taylor's series for a::=a. If this term take an 
odd power of A, or, rather, if its sign change with the sign of h, then 
r:=a does not render the function either a maximum or a minimum; 
but if the sign does not change with that of h, then the value of .r 
renders the function a maximum or a minimum, according as the sign 
of this term is negative or positive. 

To illustrate this case, suppose the function were 

y^6-|- (x — a)' 
dx 3 ^ ^ 

Now the equation -^ := gives a: =: a, so that if any value of x 

dx 

could render the proposed function a maximum or a minimum, this 
most likely would be it. By substituting this value of x in -^ the 

result is infinite, and we cannot infer the state of the function from this 
coefficient; therefore, substituting a ± A for j: in the proposed, we have 

F(a±A) = 6±A* 
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and, as h obviously dianges its sign when h does^ we conclude that 
the function proposed admits of neither a maYimuTn nor a minimum 
value. 
Again, let 

The equation J^^=0 gives xsza^ a value which causes --^ to 

OJC Cut 

become infinite; therefore, substituting a :|: A for or in the proposed, 
we have 

F(a±A) = 6 + A* 

and, as the sign of A^ is positive whatever be the sign of hy we conclude 
that the value j:=a renders the function a minimum. 

(51.) There remains to be considered one more case to which the 
general rule is not applicable, and which, like the preceding, arises 
from the feiliure of Taylor's theorem. We have hitherto examined only 
those values of x for which Taylor's development is possible, as &r at 
least as the first power of A, but we cannot say that among those values 
of X, which would render the coefficient of this first power infinite^ there 
may not be some which cause the function to fulfil the conditions of 
maxima or minima; therefore, before we can conclude in any case that 

the values of <r, deduced from the condition -i- := 0, comprise among 

ax 

them all those which can render the function a maximum or minimum, 

we must examine those values arising firom the condition -^ ^ oo by 

ax 

substituting each of these ±,h iox x in the proposed equation, and 

observing which of the results agree with the conditions of maxima and 

minima in (47.) 

(52.) If the fimction thaty is of .r be implicitly given, that is, if 

then, by (39), we have, for the difierential coefficient, 
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dff^ du . du 

di'^'^'irdi' • • ^^^' 

du du 

id therefore, when --- := 0, we must have --=0; hence, the valuer* 

dx dx 

orresponding to maxima and minima are determinable from the two 

equations* 

Having foimd from these the values of x that may render y a maximum 

or a minimum,t as also the corresponding values of y itself, we must 

<i*v 
substitute them for x and y in -j-ry when those values of y will be 

djr 

maxima that render this coefficient negative, and those will be minima 

that render it positive. But those values that cause it to vanish, belong 

• d^y 

neither to maxima nor to minima, unless the same values cause also — ^ 

dx^ 

to vanish, and so on . 

The second differential coefficient may be readily derived from (1), 

for, putting for brevity 






we have 



tPy dx dy ' dx^ ^ dx dy dx 



dv 
* Other values may be implied in the condition --^ c= ao, which leads 

ax 

to T- a=s 0, but to ascertain which of these are applicable would require 
dy 

us to solve the equation for y. 

t Gamieri at p. 271 of his Calcul Differentiel, says, that, by means 
of the equations (2) ''on obtient les valeurs de x ei y par lesquellef 
F (jr, y) deviant on pent devenir maximum ou minimum;" but this i 
evidently a mistike, since, by hypothesis, F (x, y) is always = 0. 



M , 

. .:: .ri^nuauDg me aoave espceasMia nnr — = — we sbooiii wad 

; o ■■ I. 

^^ft'ore we proceed to a{>pLy the fogey n n g. tfaenry to ^^^-p^^g, 

■ I i.i state a few particidsus that may, in noBiy iDsmiGa^ be 

"Tr iriiK in abiidspng the piooestt o£ fimiinii; mudmaand minima. 

. I iinniiiM il fiiiii liiiiinnMiii I iiiiiih 11 1 iiiiiiii iiiini. imhfirtnr 

v imitterl. Thus, caliing the fiioctioii Ay, the ihat diifei e B t ia l 

r/y (i^f dtf 1 

tnriciii will be A-^,aiidA-^ = leads to-J-s^O* also — -r^^^ 

(ix ax ax OM 

.M\ : . -=<>, go that A may be expaDjyped firom the funcfiboii. 

It: 

'.\ i)au>vf'r v^ihif" of .r renders a functLon a maadmum or xxmiimuin, 

-■.Ti\(: vnlui* miMt ohvioiuily render its squaie^ cube^ and ewepf other 

.jwt r. . maximum or minimum; so that vf)oesk a proposed function is 

iiat^r > radiral, thiA may be removed. The rationaL fanctioQ may, 

.nvt.'V<r. ber.omp n miticimum or a minimum for moce vmhies of x than 

x^ oriiinal root; imippd, all values of x which render the rational 

uic'ioii riffrafii^f '-vill rpn^PT every even root of it imaginary; such 

luc-. Hereford, 'lo not belong to that root; moreovor, if the rational 

.,.,.jii be = 0, wb«>n ;i maximum, the corresponding vahie of the 

,„. I. will })f. jrnulmi<»««ib|p in any even root, because the contiguous 

f the function inii«it bp ppsrative. 

■ t value r TT- -r f nn rirvfT belong to a maximum or minimum, 
■1 as it dof"* n^'* n*lmit of l)otb w preceding and Sttcceerfing value. 
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EXAMPLES. 

(54.) 1 . To determiiie for what Tallies of 4r the function 
becomes a maxim""* or minimnm> 

From the second equation it appears that^ whaterer be the values of Xf 

dy 
giren by the condition ^ ^ 0, they must all belong to maxima. 

From 6^ — 2c*x = we get d? ^ — -—; hence 

wb^ X = —rrrr .'.v ^ a* A — —r-, a maximum. 

The equation -i- ^ oo would glTe, in the present case^ j? = ac , a value 

which is inadmissible (63). 

2. To determine the maxima and minima values of the function 

putting 

3a 
Substituting each of these values in -^ we infer from the results that 

when j;*^ —-..,. y = <r* ;; — > a ™»n« 

3a ' 9a 

j?= — -_.... M = c«4- --- — y amax. 
3a ^ ^ 9a 

3. To determine the maxima and minima values of the function 

y = W'lax, 

Omitting the radical 

du 
u^=2ax,\ -r-=s2a, 
djc 
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as thin can never become or oo, we infer that the function has no 
maximnm or minimum value. 

4. To determine the maximum and minimum values of the function 

Omitting the radical and the constant factor 2a (5S), 

du . €Pu 

4a 
.•. X (4a — 3*) ^ .'. a? =s 0, or * =s -— 

■I 

dPu 
Substituting each of these values in -^^9 the results are 4a and ^ 4a; 

hence 

when;r=0 • • . y = 0, a minimum, 

4a 8 , 

3e^-^ .. y ^ -a'9 a maximum. 

If, instead of the preceding, the example had been 

y = V'2ad?« — 4aV. 
we should have had 

^^ » • ^ d^ 

-— = Sar — 4ax, — r-r- =: &r — 4a. 

dx da^ 

.\x(Sa — 4a) = 0, .*. d*=:0, ord?=s-— 

the same values as before ; but the first corresponds here to a maximum, 

dht 
since it makes -j-^ negative; this value, therefore, must, by (53), be 

rejected. If, indeed, we substitute ± A for a>, in the proposed function, 
it becomes 

y = >/ — 4a«A«T2aA3, 

where h may be taken so small as to cause the expression under the radical 
to be negative for all values of A between this and 0. 

6, To determine the maxima and minima values of the function 

y ^«i + "^ «* — 2a*x + aa:*. 

If y is a maximum or minimum, y — a will be so ; therefore, transposing 
the a, and omitting the radical (53), 
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t( = a* — 2a*Jf + a«* 

.'•whenjr^a • . . y ^ a, a mlnimnm. 

6. To determine tbe maxima and minima Tallies of the fonction 

a*x 

"-(a -my' 

' In 8ol?ing.this example we shall employ a principle that is often found 
useful, when the proposed function is a fraction with a denominator more 
complex than the numerator. Instead of the function itself we shall talce 
its reciprocal^ which will give us a more simple form, and it is plain that 
the maxima and minima values of the reciprocal of a function correspond 
respectively to the minima and maxima of the function itself. Omittinpr, 
then, tbe constant a'» and, taking the reciprocal, we have 

a* — 2aaA-a^ a* _ . 
u ^ ■ — = 2a + * 

X X 



hence x =z a makes u a minimum, and « =: — a makes it a maximum, 
therefore 

when 07= a • . . y = oo, a maximum, 

ass — a . • . y^ — h^>^ minimum. 
7. To determine the maxima and minima values of tbe function 

y = 6 + V(a? — a)» 
Omitting b and the radical 

u^(x— ay 
du d^u 

.'. 5 (« — a)* == .*. X =s a .*. [-^^1 = 

ax* 

As this coefficient vanishes, we must proceed to tbe following, wbicb 
however all contain x — a, and therefore vanish, till we come to -7-7- 






^-rl 



;•— jf-^1 ^- ^-1> 






■egalii'u, 80 tiuft 
of Vy and there- 




for it is ob- 
vith the nmnbeTy 
viUbeso aUo. 



5=rJ HK^ m^« jr=0 




J- 



« 
4 












— (« + «) 
eiquesaiona 



continued 



ttsputs most 
■midier is le&s 



f 



V ::v ;> o>v,xVis:v rv> rwvv!s>:T:i ^o r?ct:r ro ibe second differential co- 
V : to As^cen^xn xrbiMbw iiu.< ^:»]oe mkier \hc fiincUon a maximum 
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.-. ^idienxssO • • . • V = 0» a minimam. 

r 

L xssa vi • . . . jr = a v4, a maximum. 

|P 10. To divide a given number a, into two parts, inch that the pro- 

7^ duct of the mth power of the one and the nth power of the other shall be 

|i. the greatest possible. 

^- Let jr be one part, then a — « is the other, and 

y:=:3t^(^a — x)* =: maximum, 

.'. -f- ^ WW*— > (a — *)» — ru^ (a — j)«— * 
ax 



= J5*— * (a — J?)*— * {ma — (m -f «) a?} =: 0, 
.*. j?=0, or a — x = 0, or 
ma — (fit -(- n) X =: 0. 



which give 



ma 
x = 0, x = a, x = 



m-\-n 

The first and second of these values are inadmissible, because the num- 
ber is not divided when x-^Oox when J7 = a. 
Sabstituting the third value in 

■—:= d?»»-* (a — *)»-* {(ma — (m -f «) a?)* — »i (a — • a?)* — na^\ 

llJCr 

we have 

[^]=— M«-« [a — a?]«-» {m [a — ^]« + n M«} 

which is negative because each factor is positive, hence the two required 
parts are 

and — -r — being to each other as m to n. 



m-\-n m-\-n 
QfT. If m =: n the parts must be equal. 
An easier solution to this problem may be obtained as follows : 

Pat — ^P and determine x so that we maj have 



u=ixP (a — a?) ^ A maximum, 

du 
dot 



.•. — sspxP-^ (a — a?) — afi 



= a!P-> {pa — (i> + 1) ac} = 0, 



H 
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••. x=^0^ 01 pa — (p + 1)*^0 .•. x=:— ^ • 

p-j-l 

This last value substituted in 

tPu 
.^^ = 0^ {pa-^(p + 1) x] - (;,+ 1) ir*-« 

( auses the first term to vanish ; the result is therefore negative^ so that 

1 = — ^ — ^ — ; — corresponds to a maximum value of u, and there- 
p -\- 1 m + « 

lore (o3 ) to a maxhnum value of «» =s i* (a — x)». 

Another easy mode of solution is had by using logarithms, for it is ob- 
vious that since the logarithm of any number increases with the number, 
when this number is the greatest possible, its logarithm will be so also. 

.•, m log. d? -f- « log. (a — x)sz max, 

m n 



X a — * 



s= .'. nia — (m -f- ») d? =0 
ma 



m -f-n 
ns before. 

The expression for the second differential coefficient is — (nt + n) 
showing that the foregoing value of x renders the logarithmic expression a 

maximum. 

1 1 . To divide a number a, into so many parts, that their continued 
product may be the greatest possible. 

It is obvious from the corollary to the last example that the parts most 
b>' eciunl, for the product of any two unequal parts of a number is less 
than that of equal parts. 

Let X be the number of factors, then, 

(-^)'= a, maxhnum, 

X 

. • . log. ( — )' = « log. ( — ) = a maximum, 

.'. log. 1=0 

X 

.*. — = log.—' 1 = e .*. .r = — • 
X e 



• There is obviously no necessity to recur to the second differential co- 
efficient to ascertain whether this value render the function a maximum 
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kenoe the proposed number miut be divided by the nmnber e :b 
2*718281828. 

12. To determine thoie conjugate diameten of an ellipse which 
inclade the greatest angle. 

Call the principal semi-diameters of the ellipse a, h^ the sought semi- 
conjugates df, dp' and the sine of the angle they include y. Then (^Anal. 
€eom. p. 78.) 

axy i= ab .*. y = — > 
ah 

••• y = ,■ — ^ wtoj?. 

m 

Omitting the constant nby inrerting the function (ex. 6.) and squaring, 
we have 

tf = a'd^ -I- ^d^ — d7« = mtiur. 
.•.^ = 2a«iP + 26*« — 4a!» = 0, 

,%* = 0,a•-^6«-2^=0.^a« = fl±f=^5^. 

The first of these values is inadmissible, from the second we find that 

d?» = d/» 
hence the conjugates are equal. For the second differential coefficient 
wehave 



da» 



= 2a« + 2i» — ia»* 






This being negative, shows that x^=*H — -5— corresponds to a max- 

imum value of u, or to a minimum value of 1/, so that the conjugates here , 
determined, include an angle whose sine is the least possible ; and this 
happens when the angle itself is the greatest possible (being obtuse), as 
well as when it is the least possible. 

13. To divide an angle into two parts, such that the product of 

or a minimum, since it is plain that there is no minimum unless one of 
the parts may be 0. 



r^ojcrxiTS. 




oftiM ^ 



— I 



..-f 



•. — » 



-t«L (e-x), 




Id ^etenBiK 
wfflbe 



t -^C^f" 






«x? 



^^ 



?'^-'-:raiTnK 



dV 



-=air — 






of jr cnrre^iODds to 



T& desiecmiBf- '^le mfnrimii jmd ^h^t— it^aes of tbe fiasction. 

V iifri* X ^ 4 . . . . r = X36 • maximnm. 

^ = %.... V = 12S a minimum. 



• l>r. (ht*t/^ory'n Tri^onometiy, p. 47, Equation (S). 

2 
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16. To deteimlne a niuBber r, inch that tbe 4rth root imy be tbtf 
^ gmtett possible. 

^ju. rs:e=s 2*71828 .... 

17. What fractkm is that which exceeds its inth power by tbe 
greatest possible number? 






18. Given th« equation 
to deteTmine the wM»^imM and mi^iinm lalaes of y. 



ma a 



When « ^ ■ : . . . . y = -_______. ^ g maxinram, 

vl— -m« VI— m« 

— f»a —a 

:9 a minimom. 



* —— ,* , 7Z. • • • • y s^ r •""- 

VI— !»• Vl — »« 

19. Given the position of a point between the sides of a gi?en angle 
to draw throngb it a line so tliat the triangle formed may be tbe least 



Aiu. The line must be bisected by the point. 

20. The equation of a certain cnnre is €?y^a^ — x* required its 
greatest and least ordinates. 

When X = {a . . . . y s= maximnniy 

X ^ . • . . y = minimnm. 

21. To divide a given angle less than 90^ into two parts^ r and 
— Xy such that tan." x . tan."* (0 — x) may be the greatest possible. 

tan. (2x— ^) = — ; tan. e. 

22. To determine the greatest parabola that can be formed by cnt- 
tiog a g^ven right cone *. 

SCHOLIUM. 

(55.) It will be proper, before terminating the present chapter, to 
apprise the student that in the application of the theory of maxima and 
minima to geometrical inquiries, care must be taken that we do not 



• It will be shown hereafter that a parabola is equal to J of a rectangle 
of the same base and altitude. 



tte^ \Lkl LIW 



pro- 




^oflus 



:fi 



^^^ 



JU. 




^ M. 



h fc 



7 ]^ 



* =:** 



r— J* 



e^wessionfor 



•■'■ ^ ■■■''-" :z?-=*'—^'== 

..: >r-: u 4 awTrnnnn. fer 2il valine? oc ^ les than «, and a miwiTun m 
f/,r : .. ■> V. .ffk r4 h g^iams tfaEBi c BcBce if dbe lebtkn between a and 

// 1/4 s.^^h tliat --rZTj^ o»y exceed 2A, tfie analytical expression for CF 



!*#• ih« Analytical Geomelri/f pp. 3, 4. 
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will admit of a maTimiiin value, although such value, not coming within 
tbe geometrical restrictioDS of the problem, is inadmissible. If the rela- 

tm. between a and h be such that ^ ,, ^ 26, that Is, if a' = 26«, tlie 

sohition will be valid, and in the ellipse whose axes are thus related CD 
will be the longest line that can be drawn from C, agreeably to the 
analytical determination, and the solution will always be valid if the 

axes of the ellipse are related so that ^ ., is not greater than 26, 
which leads to the condition 26* not greater than a'. 



CBAPTSIt VXX. 

OX THE DIFFERENTIATION AND DEVELOPMENT OF 
FUNCTIONS OF TWO INDEPENDENT VARIABLES. 

Differentiation of functions of two independent variables. 

{5Q.) Let a: ^ F ( j:, y) be a function of two independent variables ; 
then since in consequence of this independence, however either be sup- 
posed to vary, the other will remain unchanged : the function ought to 
famish two differential coefficients ; the one arising from ascribing a va- 
riation to X and the other from ascribing a variation to y, y entering the 
first coefficient as if it were a constant, and x entering the second as if 
it were a constant. The differential coefficient arising from the variation 

d% 
of j: is expressed thus, -r ; and that arising fix>m the variation oiy thus, 

dz 

-— ; and tbese are called the partial differential coefficients, being analo- 
gous to tbose bearing the same name considered in chapter IV. We 
have seen, in functions of a single variable, that if that variable take an 
increment, and the function be developed, what we have called the dif- 
ferential coefficient will be the coefficient of the first power of the incre- 
ment in that development; so here, as will be shortly shown, the partial 



.utt oo Otter than, the coefficients of the fiisl 

III wtt oeveki|iiiii!iiL of the fimctjon fix>iii wfaicli 

> .u u» pmnau differmtiaU they are obTioii^ 

iz . dz 
. «Ank uuttHc w«oui -r~*is ~>^-r~dff tfae totai differentkU 




'9 
a^M unit ui» ibrm become s the same as that grven 
. . . '• i- ^ti«- ntliniiniii ot FCr, v ? as soon as we suppose jrle 

. .«•* w» . « :OC w« (lieu bare 

iz » ^«3 /r ipr 

7«v fUp ay XM 

-" ■• iiiV'i", if the ttmetinn codbs x x naaer number of 

. ..«. . ^itidhm ■>» <A ^fcF( x^ y^ ^^ &c. , ^»e ^naidneeeaBanly hare 

^<^Nut>Mitt iiitliBwiittais> c^ which the Jiipeaie would be the 

' ■>t--Lf.-^f gi ih« iuneiMNi^ that is 

iiik du du 

■ior (i^ <a 

vwJ>i;j^ o^ vj^'MUfl» ace depoBdeot or indenBriBtt, we infer, 



> .« 



"vr 



.^WtM^Mi o^ a/tj^Jwuitiim w ^ib aoB 4^' tie Ji«er«/|MrtM/ 
. ^^ijii^/rom JifienmtitUiMg. the jTmctiom rWefiamfji to euck 

xnvw^^W'^ iii^i^'aU the otktn tcere 

vvsi.4 Ixi^ i^w «iitampie» in fonctiDiii of 

0^ (U^g^t^ is e^uMrtly the same as fior ftmr-»w»tt ofdqpoideBt 

<^ . ay ^szifdx 4- Jw%r 
(i — — ; 

X udx — Jcdy 



^ 
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</ . o'fty cs = a' ^ C (d:vlog. a +</y log. 6 + </s log.c) 

ff ItTg. tan. "^ r= V^ — '^y _ ^ {ydx—xdy) 

y • , *• * 2j? 

vHin. - COS. - v'sin. — 

y y ^ y 

dy*zszy* log. ydx -f y*-i j«fy. 

(57.) If the function that j, y is of a: is given implicitly, that is by 
^equation 

t« = F(af,y,i) = 0, 

f. then 



but (39), 



#^, du du di 

'rf*^ "" di'^'dt' di" 

tdu^ du , du ds 

"y rfy rfz dy 

- .rfw du dz . , , ,du du dz^ . 

^dof dz dx' ^^dy^dz dy' ^ 



• The brackets are employed here for the same purpose as at (37), viz. 
to imply the total differential coefficient derived from u, considered as a 
ftmeHan of a single variable. This form it will be necessary to adopt 
whenever u contains, besides x, other variables that are functions of x, 
provided we wish to express the total coefficient with respect to x. No 
ambigoity can arise from our calling these same coefficients /^ar^ta/ in one 
sense, and total in another. They are partial coefficients in lelation to 
the whole variation of u, but they are total coefficients as far as that 
variable is concerned whose differential forms the denominator, and it may 
be remarked here, once for all, that when we enclose a differential coefficient 
in brackets, we mean the total differential coefficient to be understood, 
arising from considering the function, whose differential is the numerator, 
as simply a function of the variables whose differentials form the deno- 
minator. 
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Tims : let Ax^ -f By* + Ca* — 1 = 0, 

, rfi* . _ . , -^ dz ^ 
.-. { -r\ =2Ax + 202— = 0. 
* da' dx 

^} =2B^ + 2C»-- = 

.-. rfw = (Ax + Cs— ) dx-f (B]/ + Cs -— )rfy = 0. 

a<r ay 

(.58.) If u = Yzy 2 being a function of x and ^^ the two differential _ 
coefficients are (33) 

du^^du dx du du dx 

dx dz dz dy dz dy 

and ilie total difibrential is, therefore, 

du dz . . du dz . 
du=z—-'—'dx-^-j "r dy. 
dz dx dx dy 

Now it is worthy of notice, that the ratio of the two partial differential 
coefficients is independent of F, so that this may be any function what- 
ever. Thus 

du , du du dz , du d»_ dz , dx 

dx ' dy^' dx dx ' dx dy dx * dy 

whicli is an important property, since it enables us to eliminate any 
arbitrary function F of a determinate function f(xy y) of two variables. 
We sliall often have occasion to employ it in discussing the theory of 
curve surfaces. By means of thb property too we may readily aacertain 
whether an expression containing two variables is a function of any 
proposed combination of those variables. For, calling this combination 
z and tlie function u, we shall merely have to ascertain whether or not 
the above condition exists, or, which is the same thing, whether or not 
the condition 

du dz du dz 

dx dy dy dx 

exists. For instance, suppose we wished to know whether u^x* -\- 

2iV/* +.'/ is a function of z = x^ -\-^^- 
J I ere 

'''* - » du „ „ dz ^ dz 

- = 4a> + irf, ^^ = i^y+ 4,» ; - = 2y. -= 2,r, 
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du dz 'du dx 



dx ay iy ^=i*^ + *^)i<,-^^^^W,i^=.■, 



Dsequently, since tbe proposed condition entls, v« infer dat tr » a 

action of z. 

We shall now proceed to apply T^loc^s ih eorem to ftmrtinMi of tvo 

dependent yariables. 

Develapment of Functions of two Independent VmriMa, 

(59.) In the function ^ ^ F(xy y) suppose x takes tihe iaaemeai ky 
the function will become F(x + A, y), y remaimng aiicfaaDged, snoe it 
is independent of x, then, by Taylor*s theorem^ 

f, . + k,y) =,+ - A + — .—+-.— - + 4cc....n>. 
But if y also take an increment k, then x will become 

^ dy ^ dy* l-2^«fy» liZ^ 

dz 
so that in the expres»on (1) we must for -— substitute 

or 

dz dH dH 

d.^ d. -=4- .. d. 



dx^ dx "^ di ' 1-2 ^ dx • l-2-3^*^' 



d^z 
for 



<i:r» 



^ d2 - <ft ^ dH 



dh , dy dj^ k» . _dy» ^ , . 

■S?- + -5?"^"^ dr^ ' 'rr2 •*■ dx« • l"^2^3 "^ *^''' 



'''■d^ 



„ & „ d^z ^, dh 

d3.__ d3.-— — .. d*. 






dx« ^ di^ ^ dx» 1 • 2 ^ dx» 1 • 2 • 3 

ind so on. Before, however, we actually make these substitutions, we 
shall, for abridgment, write 
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dh 



d. 



for 



d^ 

dv* d9+Pz 

and generally . _ . _ for 



df. 



d» 



ds^ 



dydx dx dtpdx "' dx " ° *' d^dxP 

this last expression implying that after having determined the ^ih difie- 
rential coefficient of the function z relatively to the varisLble ^^ thefth 
differential coefficient of this is taken relatively to the other variable x. 
Hence, the result of the proposed substitutions in (1) will be 

F(x + A,y + ^) = 



d% 

d% 

—■k 

dy 



+ 



dh 
dx» 

dh 
dy dx 

dS 



A« 



1 • 2 
kh 
k^ 



dy* 1 • 2 



+ 



d^z 


h^ 


dx^ 


1 'S'S 


dh 


kh^ 


dydj^ 


1 -2 


dh 


l^h 


dy^dx 


J -2 


dh 


Nt3 



dy' 



l«2*S 



+ Ac. 



The general term of the development being 

d^-^-Pz k9 hP 



dy9dxP (1 • 2 . . . ) (1 . 2 . . .;>) 

If in the proposed function 2: = F(x, y) we had supposed y to vaiy 
first, then, instead of (1), we should have had 

k* 



dz dh 



k^ dh 



1 • 2 • rfy« 1 • 2 • 3 
But, if .r take the increment k, z will become 



+ <fec. . . . (2). 



8-1- ^ A 4- — 
dx dx* 



A* 



d^z 



A» 



1 • 2 ' rfx» 1 • 2 • 3 



+ &C. 



and, therefore, we must substitute, agreeably to the foregoing notatioa 



dz 
for — 



dz *^ I. I 



dh 



h* 



i 



dh 



A» 



dx*dy 1.2' dx*dy 1*2*8 



+ Ac. 



for 
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A + 



d*t 



A« 



+ 



dh 



A» 



dji^dy* 1 -2 ' dx^dy* 1-2 -3 



+ &C. 






d^t 



h + 



rf*s 



Aa 



+ 



</^ 



A» 



1^ • dxdy^ ' ' rfi'rfy' 1 • 2 ' dx^dy^ 1 • 2 • 3 
* and so on; so that the development would be 

F(x4-A,y + A:) = 



+ <fec. 



ds 
dx 



+ 



dxdy 

dH 
'df 



is>ft g^aeral term being 



A' 
1 -2 



A>t: 



1 -2 



-f 



d^z 


A3 


dx^ 


1-2.3 


d^z 


h^k 


dr'dy 


1 -2 


dh 


AP 


dxdy^ 


1 -2 


d^z 


k^ 



-fdfC. 



dj/3 ' 1 . 2 • 3 I 



hP ,k^ 



dxPdy9 (1«2. ..j») (1 -2... y) 

As this derelopment must be identical with that exhibited above, we 
have, by equating the like powers of A and k, 

dh dh d^z d^z 



and generally 



dydi dxdy dydr^ dx^ dy 



d9+Pz dP+9z 



dy9 dxP dxP dyt 

we conclude, therefore, that if we first determine the ^th differential 
coefficient relatively to the variable y, and then the p\h differential 
coefficient of this relatively to the variable x, the final result will be the 
same as if we first determine the j?th differential coefficient relatively to 
J, and then the ^th differential coefficient of this relatively to ^; so that 
the result is the same in whichever order the differentiations are performed. 
(60.) We see firom the foregoing development, that the partial diffe- 
lential coefficients of the first order are the coefficients of A and k, the 
first power of the mcrements^ so that the term containing these first 

1 
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])owers is in this respect analogous to that containing the first powe 
the increment in the development of functions of a single variable, a 
by a very slight transformation, it will be seen that the same and 
extends throughout all the terms of the two developments. For 
development just given may be put under the form 

z 
, dz , , <fz ,. 

4- &c. 
where the partial differential coefficients in each term are idientical v 
those which appear in the differential of the preceding term, as 
actual differentiation shews, thus: 

dz ds 

dz^=—- dx -\--rdy .... (1), 
dx "i/ 

dz dz . 
the coefficients -— , -7-, being functions of x and y, we have 
dx di/ 

dz dh dh 

dz dh , . dh 

and, consequently, 

(Pz dh d^z 

In like manner, these coefficients being functions of x and y, we hav 

, dh f^z J , d^z ^ 

'^"d^^-l^'^'^'d^^y 

d^z _ dh d^z 

' dx dy di^ dy dx dy* 



dh _ dh , ^ J 



so till 
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4b^ dx^dy ' ' dxdy* ^ 

■mi 90 on; the numeral coefficients agreeing with Uiose in the corre- 
t|W»Mimg powers of the expanded binomial. 

(61.) Having now applied Taylor*s theorem to (unctions of two 
viriables, we may equally extend Maclaurin's theorem. For, if in tlie 
foregoing development, we suppose x and y each =0, the development 
win become that of the function F(A, k) according to the powers of k 
and ib; or, substituting x and y for the symbols h and k, since these are 
izidefemiinatey we have 

fljr ft— tPx 

The piinciples by which we have thus extended the theorems of 
Taylor and Madaurin are sufficient to enable us to extend these 
theorems still further, even to the development of functions of any 
number ai variables whatever, but this is unnecessary. It . may be 
remarked, however, that if we wish to develop a function of several 
variables according to the powers of one of them, it may be done 
independently of any thing taught in this chapter; for, if all the variables 
but this one were constants, the development would agree with that 
already established for functions of a single variable, and, as these 
constants may take any value whatever, they may obviously be replaced 
by so many independent variables. We shall give one instance of this 
extension of Maclaurin's theorem to a function of two independent 
variables, choosing a form of extensive application and of which the 
development is known by the name of 

Lagrange's Theorem. 

(62.) The function which we here propose to develop according to 
the powers of x, is 
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u =: Ft, in which z:=y -{- xfs, 

z being obviously a function of the independent variables x and y. We 
shall first develop z=:y -^xfz according to the powers of x: this 
development is by Maclaurin's theorem 

and if we denote according to the notation of Lagrange the successive 
differential coefficients of /«, relatively to j: by fz, f% f^z, 8ic. we 
shall have 

ax 

^Z a.r, I rt a ^f^ dZ . 

,__ ss 2fz 4- vf z ss: 2 — ^^— • ■ -I- xf z 

Consequently, when xssO, 

«fec. <fec. 

Hence 

^ = 2/ -f ^A = y +/y . Y + -^ • rT^ + —7j^ • 1-7773 + 

&c (1). 

Now, instead of this development, we should obviously have obtained S 
that of Fz = F (5/ 4- xfz), if in place of z and its differential coefficients e 
we had employed Tz and its differential coefficients. We should then _ 
have had 

u=zF (y -\- xfz) . . therefore . . [ m ] =s Fy - 
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dm 



dz 
dx 



f^i 



tPu f dz^ du d*z 



dudjjyy 
dy dy 

<fec. 



di*. 
d*u 



dht 



dt* 



"I (/.)• 



dg> 



dy 



<fec. 






'^'f,(fyy ^ 



dy* 



l'2-3 



:; + *c. 



(8), 



and this is L^range's Theorem.* 

Tiom this lemaikable expression, which includes that marked (1), 
o6i«r forms may be readily deduced as particular cases. Of these the 
two following are the most impoitant. 

Pat JF^iy then the formula (1) becomes 

1 






«nd the formula (2), 



dy 1 • 2 ' df 
<fec (3), 



1 -2-3 



o + 






1 • 2 



+ 



du 

df 



1 



1 •2«3 



+ &C. 



(4) 



(63.) We shall terminate the present section with one or two 
eiamples of the application of these formulas, referring the student 



* For another and very complete demonstration of this theorem see 
note (B) at the end. 

i2 
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for more ample details on thb subject to Lagrange^s Resolutian dei 
Equations NumeriqnaftkOte xi.; and JephiorCi FluxUmal Calculus,Yci, i, 



EXAMPLES. 

1 . Giren i' — y« + r =» 0, to develop z according to the powers of r. 

Since here zz=z 1 , we have y = — ,/2=— z^ r.fy = —. (—)* 

9 9 9 9 9 9 

''' dy "f' dy "^ f^* df ^f' df~f' dy " 

r > &c. 



Hence, by the formula (3), we have, by putting for y its value — 

9 

^"^y^yVi'VVi'S-a^*^"*"**' 

r r* 6r* 8 • 9r« 

= 7 <* + 7 + r^ + -Fiv + *<=•) 

2. Given the radius vector of an ellipse, viz. {Anal, Geom, p. 133, J 

1— c« 



r=r a 



1 -f- e cos. 01 

to develop r", according to the powers of cos. a>. 

Since r = a(l — ^*)^c* cos. w . r, we have, by putting i/ for a (1 — e^) 
and X for — c cos. w, 

Fr =s F (y + x/r) =3 F (y + j: • r) as (y + x • r)* 

Hence, by the formula (2) 



■= 3/" + wy** . y -I- w (« + 1) y» • p- ^ 4- 
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« (« + 1) (» + «) jr . |-:y:^ + *e. 

1 • 2' 3 
3. It is required to revert the series 

a^Pz-^yz^-\-Sz^-\' «fec. =0, 
U> to express the Taloe of s in terms of tlie coefflcients. Here 

a t* 

r = — --- -J (y -I- ^s + Ac.) = .V +/J 



rfoTe, by the fonrala (3), 






^ ./.-(r + c\ + <fec.) 



dy 1-2 

^•^<r + ^i/ + *<^-)* . 



y^ 



rf^2 1 • 2 • 3 

^y-j (7 + ^> + *^-) + 2 ^(r + ^1/ + &c.)» + 

-^ (7 + ^1, + &c.) (5 + 2*3/ + &c.) 

— ■ .. % . «♦ 4- Ac. 
/3» ^ ^ 



4* &c- 



lere v = ^ . consequently 












3» J iwl ig >*, xrr ai S a g, to tfcp ftmtt* of eo*. «■- 
Henoe, I? Ote ronmib (1) 
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mi, consequently, (60), 



<tt» 



rfxV*"^^-*'> + *^-<"- 



I^ therefore, of the small values which we suppose h and k to take, 
il he the smallest, a part of k may be taken so small as to he less than 
h, or, which is the same thing, equal to one of the values of h between 
the proposed value and 0, so that we have h'^k; therefore, the above 
condition is 



dz dz. ... , r <^^ 



i/*2 d^" 

±2-;-r +-r^]A'«H-«fec. <0. 



dx "^ df^ - . • .. ^jpt "*" ' dxdy ' rfy* 

Hv condition being similar to (1) art. (49), we infer, by the same 

nmiing, that 

\ dz dt 

dx dy ' 

idiidi cannot be for both the signs ± unless 

- = 0.^^ = 0.... (1). 

By cootiniing to imitate the reasoning in (49), we find that these same 
caodftioas must exist for all the values of the variables that render the 
ftncCion a minimum. 
Hence (49), we have, in the case of a minimum, the condition 



, dh 



rf% d*z 



and in the case of a minimum, 



d^z 



— +— U'« + &c.>0, 



SO liaif supposing these first terms do not vanish for the values of .i 
and y given by (1), the condition of maximum is 



[ 



dh 



±2 



dh 



rf« 



tis^ "^ ~ dxdy 
•d the condition of minimum, 

^ dh ^ d^z 
•■ dx^ ^ dxdy 



^^^]<«' 



+ 



dy 



d^i 



df 



]>0, 



In either case, therefore, the expression within the brackets must have 
4e same sign independentiy of the sign of the m\dd\e Vwm. Tq ^^^^- 

2 



1 



— -thr- .: - . . ■ - ' 



■'■.. 



*■ ■■ ■ ■ . "»««T»i' __ 
-i.1. jjtl j^ __ - " ' ^- ^^^ 



«- . — 

*'■ ««■ J.!...r- * "■'' 



P 






j^ 7 

UiiX — L 












- — ': ^ -^ •■■(], 



o 



I 
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&ig example we mk^ht bare cooclodrd, vitfaoa: nexrr.^x 
tkms, tbst the le^alu obtained belong to the req so«d ■&&.- 
cing obvioiislj no other ouxiaiaffl or BumaMa, cam pi tbtf 
I to 1 = 0, 5/ = 0, z^ Xy tbe«e beisx t^ ««1h» 
erenUal coefficienu to become iufimiU^ \ ire erf. ^. > 
diiide a given number, a, into three p«rt#, wotk tfea: Ike a 
ct of the »th power of the fiivt part, the ath power o^ 
md the /»th power of tbe tbirJ, maj be the 

^ jna Ma 

parts are 



« to each other nA the exponenU of the ptopoaed povm. 
> determine the greatest triangle that caa be rf ioari^ by a 
ter. 

Tbe triangle BOit be cqailaleBri*. 



On changing tU independent rariatlt. 

^ ^uently requisite to employ the diftprpntnl ateficjeit* 
\ in which x is considered as tbe principal wiable mvier 

^pothesis, X, and consequently ^, being as»uaicd as a ftiiK- 
^ew variable ^ 

^re of consequence to ascertain what changes take place in 
t^ for these coefficients in sudi cases. Hiis we may do » 

*ding to the new fa3rpothesis 

w = Fi and I ^/i 

I 

dy dy dx ^ dp dp ^ dz (dp) 

dt~'dx ' di"dx di'^dt (dj) 

dy dx 

ivity (dy) is put for ~ and (dx) for — • 



■e examples the student may refer to Jephmm*$ FbukmU 
Gixmiefi CaictU DiffemUiely or to ?m$9mUU Pr^blhmef. 



a 
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In the preceding example we might have concluded, without recurring 

totheae conditions, that the results obtained belong to the required mini- 

MUy there being obviously no other maximum or minimum, except that 

which belongs to x = 0, 1/ =s 0, ;;=:<», these being the values which 

ff^f ft the differential coefficients to become infinite, (see art. 50.) 

3. To divide a given number, a, into three parts, such that the con- 
finned product of the mth power of the first part, the nth power of the 
ncond part, and the/>th power of the third, may be the greatest possible. 

ma na pa . , 

The three parts are — ; ; — > — : ; — > — -^ — • — so that the 

' 7«-|-«+/' m + «-f/> M-f n-f/7 



parts are to each other as the exponents of the proposed powers. 
4. To determine the greatest triangle that can be enclosed by a 
lima perimeter. 

The triangle must be equilateral*. 

On changing the independent variable. 

{^^ It is frequently requisite to enploy the differential coefficients 

du dH 

^9 -~-&c., in which x is considered as tlie principal variable under 

a chai^of hypothesis, x, and consequently ^, being assumed as a func- 
tioa of some new variable t: 

" It is therefore of consequence to ascertain what changes take place in 
the expressions for these coefficients in such cases. This we may do as 
ttlows: 
Since according to the new hypothesis 

y = Fx and x =s:/t 
iheiefore (33) 

dy dy dx ^ dy dy , dx (rft/) 

di~'dx ' di ' ' da'~di'^dt'^(dx) ' 

dy dx 

irliere for brevity {dy) is put for -|- and (dx) for — • 



* For more examples the student may refer to Jephson*s Fluxional 
(kkulue, to Gamier's Caleul Differentiely or to Puissant's Probleme* . 
itGSomHrie. 
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d*V ePv dx« . dy d^x 



d/« dx* d/« ^Ar * d^ 

• rfx« ^ d<« (dx) • ^'''^^^ " ^^"^^ (SO^ 

In a similar manner we might, if necessary, find the expre 

-j-f . It appears, therefore, that 

dx (dx) 

^ _ (d^y) (dx) — (d^x) (dy) 
dx^ (dxf 

drc. <fec. 

If / =^ the hypothesis requires thaty be considered as the 
and X as the dependent variable. In this case 

«w) = g = 1, (d«y) = 0, cfec. (dx) = g, (d«x)=— ^ 

* * dj? da? (daf) 
dy 

dhi (d»x) 

"d?"^ {dxy 

<fec. <&c. 

Tliese formulas will be brought into use in the second secti( 



OBAPTBlt ZX. 

OX THE CASES IN WHICH TAYLOR'S THEOREM 

(67.) It has been shown, in Chapter II., that the general 
ment of the function F (x + ^) always proceeds according to th( 
iii'^ positive powers of hy and the principle upon which this 
been established is ^this : viz. that Fx and F (x -f A) must m 
contain the same number of values ; or in other words, the sa 
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c^ 



ok that enter Tx must also enter F (j 4- A) but no others. Hence we 

■gilt eictend the proposition established in (4), and say, that not only 

At general developmoit proceeds according to the increasing positive 

poiien of h, but also every particular development, provided the par- 

deuhr Talue F (a + ^) contain the same radicals as Fa, and no more ; 

and provided, moreover, that Fa is not infinite, which we have seen it 

nmst be for the true development of F (a -f A) to contain a negative 

power of Ay or a log. A, a cot A, &c. 

(68.) As F (x -(- A) must contain the same radicals as Fj: and no 

lAteiSy it follovTs that F (x -|> A) — Fi*, must contain the same radicals 

.«Fx. Now, as multiplying or dividing an expression by any rational 

fanthjy can neither introduce nor destroy radicals in that expression, 

F (j* 4- A) Tx 

im infer that the expression for 7 , A being rational, must 

eontam the very same radicals as Fjt, and no others, whatever be the 
^rafale of A; but when A=0 

F (x -f A) — Fjr __ c?Fj 
A dx 

boioe die first differential coefficient must contain the same radicals as 
tbefiDctkm Fjt, and, by the same reasoning, the second differential co- 
effitaeot must contain the same radicals as the first ; consequently the 
mne ladicals must enter each differential coefficient that enter into the 
«i|giiial fiiiM^on. If, therefore, there be given to x such a particular 
Ufaie Oj that any one of the expressions that may be under radicals in 
It may become 0, that radical will of course vanish firom the function, 
•d consequently from its differential coefficients. But if a + A be 
abstituted for x instead of a, the same radical will necessarily be pre- 
[' Krved in F (a -f A), although it will still vanish from Fa and the dif- 
ferential coefficients. It follows, therefore, that F(a-f A) will have 
loie values than 

Fa+[_]A+[— ]_- + &c. 

to that this cannot be the true development of F (a -f h). It is easy to 
ttplainwhy, in such cases as this, one of the coefficients and indeed all 
I Wt follow this, must become infinite, for j = a. For the exponent of 
ie radical which vanishes for this value, is dimima\ied\3i>j \«v\\^3 ^^^>^ 



1, 



^t 



■ r 



I 
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differentiation, and being fractional the expression under it wL^ 
appear with a negative exponent, and "will continue to have 4 
exponent in all the succeeding coefiGicients ; * so that these, ^ 
put for X, become infinite. We have observed above, that 1 
cases of which we are speaking, arise from the circumstance 
causing an expression to disappear, which is under a radi 
The' student must not confound this disappearance of a rad 
that which may arise from a. factor by which it is multiplied 
for j: = a, for though a radical may disappear in this vt^y f 
will not disappear from aU the differential coefficients, ^xu 
Taylor's development will hold. Thus if a radical in F j: is 
by (x — a)"*, m being a positive whole number, this radical 
appear when j: =«, but in the nith differential coefficient the 
be (x — a)*«-^, which does not vanish when j: =a, but bee 
and thus the radical with which it is connected will appear 
efficient. 

We conclude, therefore, that there are but two classes of 
which Taylor's development feils ; 1° those which, put for 

Fjt = 00 ; that is, those which are roots of the equation — 

and 2° those which substituted for x, cause an expressicm 
radical, to vanish from Fj:, and not firom F (x -f h). To this 1 
belongs the value a: = a for every function containing ^ ^ 

value j:=sa causes this radical to vanish from Fjt, but in F| 
enters as \/A. 

(69.) In order td examine these cases more completely, let i 

F (a -f A) = A -f BA -f CA« + DA3 ^ MA" + NA* '^ " -\ 

represent the true development of F {x -f K) for x'^a, in whic 



* This does not invalidate the previous assertion, that the sum 
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a fiaction fidling between the numbers n and n -(- 1 . We sliall 

tiiat the n + 1th differential coefficient derived from the function 

'beoomes mfinite ior x^Oy as also all that follow this, but the pre- 

GO^d^iits are all finite. 

in the development (1), h has no fixed value^ we may different 

idatively to A, and we shall have, 

I ^rC«4lA)ja=B + 2CA + 3DA»-h . . . . + M,*A— > + N,**"*"' " ' -f Ac- 

<fec. 

Now, by (30)^ these several differential coefficients are the same as 

rfF(x + A). ^FOc±h) 

Aft Iwr ki**" denoting the values when j: r= a. 

substitution, in the foregoing equations, 



rj^(f+^] =B -f 2CA + 3DA»H- .... M/i«-> -f N/*""*"^ 
dEr 

H- «fec (2) 

>5!if-i-^] =2C + 2 . 3A -f Ma*«-» + N,/*^^ 



2 



d»^ 



+ <fec (3) 

«fec. <J^c. 

Puttingy iK)w, A=0 in the equations (1), (2), (3), &c. we have the 

ftOowing results. 

Fa = A 



• For brevity M« will be here used to denote the nth differential co- 

Ailent derived from M/t". 

K 2 
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mine upon what other condition this depends, let us represent the 
expression by 

A±2B + CorA(l±2~ + 4). 

A A 

B« B* 

Adding ~ = to the quantity within the parenthesis, its 

A A 

form is 

Now this expression will always have the same sign as A provided 

C B« 
C has, and that -- > 7-, that is, AC> B« or AC — B« > 0, becwiie 
. A A' 

then the factor of A ynW be necessarily positive. Hence, beside (i\. 

the condition that a maximum or a minimum may exist is 

and we are to distinguish the maximum from the minimum by ascertaining 
whether the proposed values of x and y render 

dh 
^<0or>0, 

ofy which amounts to the same, whether 

d^z 

d^z d^z 

since -7-— and — — - have the same sign. j 

djT dy 

Should any of the values determined from (1) cause the coefficieiit 

of h*^ to vanish, there will be no maximum or minimum for those 

values unless the coefficient of the following term vanishes also. ■' 

EXAMPLES. 

(65.) 1 . To detennin<9 the shortest distance between two straight Hum ^ 
situated in space. j^ 

Let the equations of the two lines be 



I 

f 

\ 
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tbei the expression for the distance between any two points (x, y, :), 
(ly O l8 (^nal. Geom. p. 226.) 

D«=: , — (x — x')* + (3f - yy + (« - s')* 

= (« — «' + « — «'£')' + (i3-/3' + *5 — 6' 0' + (j — s')» 

wi tUs expression, containing the two independent fariables z, z' is to be 
a BioiiiaiD. Hence by the condition (1) 

■i fiNnn these equations the proper Talues of s, :' may be readily deter- 
^■JMJj which substituted in the expression for » , render it the least pot»- 
Me. That these values really belong to a minimum is erident^ because, 

g=2(l+a« + 4»),g=2(l-fa'»H.n,jJ,=-2(l + aa' + W') 
and tk^ proves that -^ > -—7^ are both positive^ and that 

^ /^ / ^'" Na s 
ds2 • dz'^ ^dxdy ^ ' 

Since the equations of a straight line passing through two points (x, y^ z), 

X — x' = o"(s— t')^ 
ve have, by substitution, when these points are on the lines (1) 

heiicey if this line be that in question, we iiave, by combining the equations 
(2) with these, the conditions 

1 -j- aa' + bb'=:0, 1 H- a' a' + *'6' = 0, 

which conditions shew, that thirt minimum straight line is perpendicular 
to both the lines (1). (See AnaL Geom, p. 228.) From these conditions 

we get 

._ h'-h a' --a 

^ ^a'b-^ab ' a'6 — a6' 

ky means of which, and the equations (3), the expression for D become:* 
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SCHOLIUM. 

V "*«* preceding remarks on the development of functions for 

r^.'*''® of the variable, we have said nothing about the values 

■OBnent of that variable, having indeed considered that in- 

, . **^etermiiiate, or rather of arbitrary value. It roust, how- 

^'■Brved that, although the particular value virhich we give to x 

k^^y ^^^ fix the value of A, it may nevertheless fix the limit 

_^aai and o all the values given to h must be comprised, in 

*|, /* Particular values of x, Taylor's development may not 

■ct IS ygjy plain, for if the development holds for all values 

^ ^^pto x^b, but feils for x = 6, then vnll the develop- 

i&»^ « + A is substituted for x in Fj:, provided h be taken 

tteftZ*^^ Ai=0 and hs=b — a, or more strictly, provided it 

j^T/^ ^^^ese limits. In like manner, if the development hold 

jl^ ^ * horn xz=zb down to j:=fl, but feils for xss^a, then 

T^*<*pment hold when b — his substituted for x for all values 

U|^^toA=6 — a, but it will not hold for the value of h 

J ^ iQeDeeding this last; and it is obvious that /* vnll always 

1*^ ftch restrictions unless the development holds, not merely 

^t universally. When, therefore, we find that for j: = « the 

^cefficients do not any of them become infinite, all that we 

^e is that the development of F (a ± //) is according to 

^orem for all values of h between some certain finite value* 



^ = a, la foDction seconde f'x deviant infinie, ainsi que toutes 

le developpement de/ (x -f A) par la formule gen^r^ile deviendrn 
J le cas de x ^ a, et il contiendra necessairement le terrnr 

ution is faulty, inasmuch as it is assumed that fx is the first 
iction that becomes infinite for x=za, whereas /'a? and /a* are 
te ; but a greater fault is, that this process does not lead to the 
Insion, for the inference in italics does not follow from it, 
iz. that the sought development contains neither log. of h nor n 
ower of hf but it contains a fractional power of A, the exponent 
veen 1 and 2, which is not the true conclusion. 
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7/, which may indeed be indefinitely small, and 0, and it x"^ 
this is not the case that the theorem is said by analysts t(^ ' 
have thought it necessary to point out these circumstances to t^ 
seeing that some authors, from not attending to them, have ^ 
very important errors, and have laid down erroneous doctrJ 
respect to the foiling cases of Taylor's theorem. Thus Mr. 
at page 191, vol. i. of his Fluxional Calculus, a work contaiiu 
valuable information, says "It may further be observed that 
theorem always fails when the assigned value of x causes ai 
terms to become imaginary, and that this may take plac< 

causing the function itself to be imaginary ; thus take^jr ^ c + . 
if we suppose x=:0/yjr^c,y^jrs=0, but y^'j:,y"ar . . . . s 

V — 1." From this it would appear that Taylor's theorem i 
give the true development in other cases besides those which 
differential coefficients to become infinite, which, however, i 
Whenever, for any particular value of x, Taylor's coefiBcieo 
imaginary, we must infer, agreeably to the statement in (4 
function F(x+ ^) becomes imaginary for that value of jr; 
course limited as above explained. In the example just quo 



f'x = 2x V X — a 

/'x=2 >/irz^+ 



ix« 



'^ OD 



2.r \x^ 



<&c <fec. 

the function/(.r + A) becomes, when x = 0,/(0 + A) =«^ -f- h 
and the development is 

2 V — a 

and this is the true development, for h must not exceed the lin 
and A = a, since x=a causes the differential coefficients t 
infinite, and therefore the development to fail. 

With regard to the failing cases of Maclaurin's theorem, i 
observed that they are very different from the failing cases of 
W^hatever be the form of the proposed function, its general 
meat, according to Taylor^s theorem, never fails; but the 
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I's tbeorem always arises from the form of the proposed 
and it is the general development that fails, and consequently 

^^Kicular cases. For it is obvious that every function will fell 
'^"^pable by Maclaurin's theorem, whose form is such that, ifor 

i^ or any of the differential coefficients derived from it, becomes 

teraiinating these remarks it may be proper to observe that 
is not to attribute what analysts have been pleased to term 
^JSuSng caut of these theorems to any defect in the theorems them- 
es; on the contrary they would be very defective if they did not 
bit ach cases. All that is meant is, that the function m particular 
r WBf fidl to be developable according to Taylor's series, and under 
^mkrformi it may feil to be developable according to Maclaurin*s 
; to tbaty in feet, these theorems feil to give the true development 
pfben tint development is impossible. 

) Let us now examine implicit functions, and let us suppose that 
. cansei a radical to vanish fix>m Fx in consequence of a fector of 
uahing; we have seen (68) that such radical will reappear in some 
lediflbeotkl coefficients, suppose it appears in the first which 
ires that the fector spoken of be x — a, then for jr=a this coeffi- 
will have more values than the proposed function, as it contains a 
J more. But if the function that Fj: or y is of jt be only iipplicitly 
that is by means of an equation without radicals, we know (52) 

dy . 
18 expression for -j- will be also without radicals, and from such 

Cf«v 

pression it does not at first seem clear how we are to deduce the 
pie values^alluded to, and which might be obtained by solving the 
ion for y and thus introducing the radical. But since the expres- 

du 

or -^ appears under the form of a fraction, viz. (52) * 
dx 

dt& 

dy 
tjadily perceive that one case is possible, and only one, in which 
fraction may take a multiplicity of values besides those implied in 
iz. the case in which it becomes ^; that is, when the following 



I 

1, 
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I conditions exist simultaneously, viz. 

k du ^ du ^ ,^. 

-=0,-=0....(2)j 

I ^ . 

t so that these conditions are those which must exist for every ^ 

dy 
which destroys a radical in Yx but not in — -. 

\. dx 

(75.) Whenever, therefore, any particular value of x destroys 

dy 
J , in y, but not in -^, then the expression (1) must take the fon 

^ admit of the necessary multiple values. 

* The rules laid down in (41) enable us to determine the In 

1 the fiaction (1) in the proposed circumstances, that is when i 

\ , form ^, for there is but one independent variable, viz. x, 

rentiating numerator and denominator separately, we hai 
article referred to, 

d^u dhi dy 



J' 



t' 

k ] hence, 



dxdy dy* dx 
•■ dx'^ ^ dxdy dx^ dy* ^ dx^ ^ 



This being a quadratic equation furnishes two values for [• 

are 'all that belong to the fraction (1) or to P-] unless, in< 

dx 

numerator and denominator of (3) also vanish for a value of : 

the conditions (2), in which case we must differentiate agaii 

dy k 

(41), when the value of [— ] will be given by an equation of 

dx 

degree which will furnish three values, and so on; and in gen< 

fraction or [ — ] admit of n values, the equation which determ 
dx 

can be obtained only by differentiating n times, which will 1 

equation of the wth degree, and it is plain that the radical des 

2 
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firanst be of the -th degree, seeing that it gives to ^ n additioiial 

n dx 



Suppose, for example, we had the function 

y = * + (*— a) vx — b 



+ V X — 6 + 



dx 2n/x— i 

fcr jr=a 

die radical which disappears in y appears in ---; thb, therefore, 

dx 

kK two Tables. 

How let tiie same function be given in an implicit form and without 

mflif^i*! viz. 

II = (y — 1)« — (x — a)« (x — 6) = 0, 
••.^«— 2(y-x)-(x-a)(3x-26 + a),g = 2(y-x). 

Skaot for x^a, ys^a, therefore both these expressions become 0; 
r^] =5 -. Taking, then, the differentials of both numerator and 

AsDomiDator of the fraction, 

2(y— x) + (x — a)(3x~.26 + g) _ 
2(y — X) O' 

«t find when xs=a that it becomes 

1^1=1 • «-* 



tboefore. 



^/xl = '+ dy ' 



[^-ll«-(a-*) = .-. [^l=sl±>/a-6, 



« before. ^ ' 

(76.) Suppose now that the radical which disappears from Fjt by 



i: 



■.■»i 



". I 



» 



*-\. 






, which is the same as supposing that the irany^ing fectoiiii 

/TV* 
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reason of a fector, disappears alao liroiii -p-, and thit it af| 

ax 

-, which is the same as supposing thatti 

In this case -— will have the same number of values that I 
ax 

j: = a, but additional values will belong to -- — ^ so that we i 

>' 

Wx«^ 

and the true values, when the function is implicit, will all be 
by the principles already employed. 
For example : the explicit function 

gives when j = a 

and we shall see that the same values are equally given by 
function 

(y—xy=z(x'—ayx, 

dhf 
by applying the foregoing process to — ^. 

For by successively differentiating, and representing, for 
several coefficients derived ftom y by |/, p\ &c. we have 

2(;?'-l)(y-x)=(x-a)»(5ar-a>.-.[y] = 
O^'-O'+ZCy — ^)=2(x — a)*(5x — 2a) 

. ryr ] -: [ ^ (^ - °)' (^* " 2fl>- Q/- 1)» ^ _0 

y — X 

— r ^ (a^— a) (5j— 3fl) — 2V (/— 1) _ 0^ 
~"^ p'—\ ^ "• 0" 

_ ^x — 48a —2;?'" (^r( —\)^<2p''\ 12a - 



^ examples following will suffice to exercise the student in 
etnoe^ which is merely an extension of the principles treated in 
^ V. to implicit functions. 

1. Given 

^ine the faloes of -~ > when x =: a. 

ax 



t Given 



t|]=.VT3l. 



d/tf dPy 

nnine the values of -^ and --v?* when ess a. 

dx €ur 

hexe terminate the Fiist Section, having fully considered the 
i particulars relating to the differentiation of functions in genera). 
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SECTION II. 

APPLICATION OF THE DIFFERENTIAL CALCUl 
THE THEORY OF PLANE CURVES. 



|l CBAVTBlt X. 



ON THE METHOD OF TANGENTS. 



i. (77.) We now proceed to apply the Calculus to Geometr 

/! first explain the method of drawing tangents to curves. 

The general equation of a secant passing through two pc 
(x", y"), in any plane curve, is (Arud, Geom, p* 197 J • 

y* — y"y being the increment of the ordinate or propos 

i corresponding to x' — af' the increment of the abscissa or i 

variable. The limit of the ratio of these increments, by th 

i <¥ 

of the calculus, is -- ; that is to say, such is the represents 

Cut 

'■'■ \ ratio when af — jr' = 0, and, consequently, y' — y* ^ 0. 

this is the case the secant becomes a tangent. Hence the 
the tangent, through any point (/, y) of a plane curve, is 
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. Bf means of the general equation (1) we can always readily deter- 

■BK ibe equation of the tangent to any proposed plane cunre when 

itt eqoatioo of the curve is given, nothing more being required than to 

teimm e from that equation the difierential coefficient. 

Ssppose, for example, it were required to find the particular fomi 

Ibr Asidlipse. We here have to determine ^^ from the equation 

Ay«+B*'» = A«B«, 
sod which is 

dx' "■ Ay 

Aevefore the equation of the tangent is 

(sf Jf*) bang any point in the curve, and (r, y) any point in the tangent. 

Mfgun let it be required to determine the general equation of tht> 
tnignt to a tine <^ the second order. 

By Wferentiating the general equation 

Ay** + Bxy + Ca« + Dy' + El' + F = 0, 

wtknt 

' lAf'-^ +8x^^-1- By -♦-2Cx'+D-^ +E=0, 

di^ 2C/ -i- B/ + E 

•'• dsf "" 2Ai/'+Bx' + D 
BD diat the general equation is 

. aCx' - fBy+E , ,. 
y-^ = -2A7TB;?TD ("-*>• 
(78.) As die normal is always perpendicular to the tangent, its 
gCDeral equation must be, from (1), 

y — y'ss — (x- x') .... (2). 



It is easy now to deduce the expressions for the subtangent and sub 
Urmal. For if, in the equation of the tangent, we put ^ = 0, the 
faulting expression for x — x' will be the analytical value of that pait 
of the axis of x intercepted between the tangent and the ordinate y' of 

l2 



114 

-__ * 



<fy (3). 



lf> instead of tb ~^ 

"°"^l, then Ae^^T"" •*'"*« tengenL 

'" '^^ »ub„o„„^ 7 »°"»al and «,« onJina^^^ ** ^"^^ 

" ^' **tM,itwBll 

""'hetensthnr... ''*' ^^->- 

v.tueof(3), ^"'*^'-8en.T,si„eeT ^--_ 

^'^> since th» I . '^ 

h (4) * '«»8th of the „„ 

'''"'' that is ^* **P««ions evident 

'^^•'"een ,w^ Jl^'*°^ curve tj,« ^^ **?'/ to any „, 

; ' n ^e Jf J« ""btengent is^^'^ « tangent, J ^^^ *» « 



'"' P°«<'on ofT' ''^ '^y « onL d ^3), for ft ^'f^ P«»J« 
' ' 'Z^' ^e Jf J« ""btengent is^^'^ « tangent, ^? P*"*" *« * 

'"^'^"'^'^SneT'^-^ce^Jr;"'- «'' C^,**'^ 

rf.' « tte value of .fa, , • ''^ '' ^"te, /- 
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L "Ae kiclinatioD of the linear tangent to the axis of or, and for this reason 

F ^ 

' dto ibe tangent will be parallel to the axis of y when -*; is infinite at 

' ax 

m 

Ae proposed point. 

\' ' . EXAMPLES. 

ii (^0 ^* To draw a tangent to a given point P in the common oj[ 
•Mrical parabola. 
By the equation of the curve 

• • dx' "" 2y' 

2y' ;? 
having drawn from P, the perpendicular ordinate PM, if we set 
Imgthy MR, on the axis of x, equal to twice AM, and then draw 
RPy it will be the tangent required. 

S. To determine the subtangent and subnormal at a given point 
(Xf ff) In the parabola of the nth order, represented by the equation 




da! 



= «ax'*~* 



X nt/^ 

.-. T,=sy'-f-wox'»--»==— , N ==y'.iMfac'*->==fta«x»»-»or--^ 

3. To determine the subtangent at a given point in the logarithmic 

The equation of this curve related to rectangular coordinates is 

y = o*, 

iHUch shows that if the abscissas x be taken in arithmetical progression, 
the eorresponding ordinates y will be in geometrical progression, so that 
the ordinates of this curve will represent the numbers, the logarithms of 
which are represented by the Corresponding abscissas, a being the assumed 
base of the system. Hence, calling the modulus of this base m^ we have, 
bjr difibrentiating (13), 

^— J. 
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Hence the remarkable property that the subtangent Is constantij 
the modtdos of the system, whose base is a. 

4. To determine the subtangent at a giren point in the ci 

equation is 
Here 

5. To draw a tangent to a rectangular hyperbola 
asymptotes, its equation being xy^a, 

6. To determine the subtangent at a given point in s 
equation is j^* = ax«, which, because it includes the comr 
is said to represent parabolas of all orders. 



7. To determine the subtangent at a given point in a 
equation is x*" y«* =i a, which, because it includes the comm 
is said to belong to hyperbolas of all orders* 



(80.) If the proposed curve be related to polar coor 
the expressions in last article must be changed into functi< 

If the curve AP be related to polar co* 
ordinates FP == r, PFX = o,, then if PR be 
a tangent at any point, P and PN the nor- 
mal, and if RFN be perpendicular to the 
radius vector FP, the part FR will be the 
polar subtangent y and the part FN the polar 
^^Wi^o/. Wben the pole F and the point Pare given, 
^t the djeternunatiOD of the subtangent FR will enable u: 
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Hie formulas for transfonmng the equation of a curve from rectangular 
to polar coordinates, having the same origin, are (Anal. Geom, p. 1 31 .J 

and die resulting equatioo* of the curve will have the form 

r = FM, orF(r, m)=:0, 

in ubich we shall consider ^ as the independent variable. Now RF ^ 
Pf • tan. ^ P = r tan. /_ P, but by trigonometry, 

^ „ tan. w — tan. a 

tan. / P = 

1 -|- tan. ci> tan. a 

that is, since 

tan a ^ — r— and tan. « =s -^ 

ax X 



_> X dx 

tllB.ZP=- 



1+iL- ''5' 



X dx 
r times this expression is the value of the polar subtangent. 

dy 
Bnitediflfeiential coefficient -^, which implies that x is the principal 

dx 

Tamhle^ cught to become, when the variable is changed to w, (66), 

dx dy 

y— r» — X- 



dy dy . dx „_ ^ du dig 

—z — =—5; — T'~i — • • tan. / r=s ; r- 

dx dkt dkt dx dv 

+ y ^ 



diii diii 

Mbo, firofm the above formulas of transformation, 

dx dr dy dr 

— - — =-T — COS. w — r sin. w, --^ =-- — sin. « + r cos. w 
dw db> dia dia 

dx dr 

.•.y — ; — =r — ; — sin. w cos. w — r* sin.* w 
diit dia 



dy _^ dr 



X —~— =r — ; — sin. la cos. w -I- r* cos.* ut 
dia dia 

dx dr , . . 

x—z — =r— 7— C08.*w — r* sin. w cos. u» 
dia dia 

y —f- =»• — ; — sin.* u» + r* sin. ta cos. (a 
whence 
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dx dv dr is i^ « ^ 

^ dia dm dm dm ' dm 

consequently, 

r r* 

t«n. Z. P = -T- ••• RF = -T- ^ **<«»»««*• 

*- dr dr 

dut dm 

Also 

FN= -=r^ = r* -; ;— =— r— = rabnonnal. 

PR _dr_ dm 

dm 

(81.) We shall apply these formulas to tpiraU, a class < 

always best represented by polar equations. 

8. To determine the subtangent at any point hi 

the Logarithmic Spiral, its equation being p/ 





m 
rsia 








dr 


= log.a* 


m 
a 


= • 


a^ 


dm 


m 


• tJ. 


. dr _ 


rmr 




T 



'dm ' ^ 

Hence, if a represent tlie base of the Napierian system, since 1 

will be 1, the subtangent will be equal to the radius vector, ai 

the angle P equal to 45^, because tan. ^ P s=: 1* 

Since, by the equation of this curve, log. r =: a» log. a, it f< 

if a denote the base of any system, the various values of the c 

cular arc m will denote the logarithms of the numbers repress 

corresponding values of ri Hence, the propriety of the name 

spiral* In this curve 

, m 

tan.Z.P=='--r--7^= a«-i- -^ = m; 

dm m ' 

hence the curve cuts all its radii vectores under the same angU 
9* To determine the subtangent at any point in th< 
Archimedes, its equation being 

r-^am 

= a.'.r'-t — ; — =aw* = rw = T 



.. dm * dm 

|[^^^ ^^*» equal to the length of the circular arc to radius 
^^•••■i FR, PA J when, therefore, w = 27r, the 
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eqods the leng^ of the whole drcumferenca. The spiral of Archimedes 
tatongs to the class of spirals repiesented by the general equation 

Wfaea X = — 1> we ha¥e rt = a, toad the spiral represented is called the 
kyfoMic spiral, on accoant of the analogy between this eqnstioB and 
jyssc It is also callod tiie reciprocal tpinti. 

10. To determine the polar sabtongent ait any point in the hyper- 
MicipinJ. 

T,=3=tf. 

11 . To determine the polar sobtangent at any point in the spiral 
lAose equation is r s= auT^. 

T.=t2aw»= 

r 

12. To determine the polar sobtangent at any point in the para6§lic 

tptnUy its equation being r := anfl. 

2r» 



T == 



a« 



} 



13. To detsrmine the pokr aoMmgent at any point in a spiral 
wlKMee^ption is 

(r«— ar— lV=e. 

T,= r-- 

Rectilinear AMymptotei, 

(ttL) A reetUitifar at^mptate to a curve may be regaided as a tangent 
of which the point of contact is infinitely distant, so that the deter- 
m iualiou of the asymptote reduces to the determmation of the tangent on 
the hypothesis that either or bo& y=0, ^'ssO, the portions of the 
aes hetween the origin and this tangent being, at the same time, one 
<r both finite. 

The equation of the tangent being 

le have^ by making successively^ := 0, « = 0, the following expressions 
far te parts of the axes off and^, between the tangent and the ori^^ vii. 
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dv bx 

Deral e^qiressions (82) are 

a* — a* a* 

X X 

b a' ba 



x^ 1 

ch are 0, when x ^ ae ; hence an asymptote passes through 



dy b 1 

7-^± — • — =r 

068 ± — , when x := ao , therefore, this being the tangent of 

€v 

i(Hi of the asjnnptotes to the axis of x, they are both repre- 
e equation 

b 

a 
» prove that the hyperbola is the only curve of the second 
s asymptotes. 

al eqi^ation of a line of the second order, when referred to the 
Deter and tangent through the vertex as axes, is 

y* = OTx + nx*, 
r _ 2y» _ mx -f 2>ix^ — Sly* _ ' mx 

)f /« + 2«x m-\- 2»x w .+ 2wa' 

X 

f »W7-|-2«x' 2y* — OTx — 2wx* mx 

aerator and denominator of each of these expressions by x, 
o 

and 



^+S» 2^^+« 



M 
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and these, when x = ao , or indeed when jf =s ao , become 

^and *" 



2n <is/ n 

Hence the curve will have asymptotes, provided n be deitlier nor 
that id to say, provided the carve be neither a parabola nor an ell 
if it be either of these, there can exist no asymptote ; therefore ti 
bola is the only line of the second order which has asymptotes. 

(84.) When the curve is referred to polar coordinates, then, 
radius vector of the point of contact is infinite when the tang^pj^ 
an asymptote, it follows that if for r= oo the subtangent is fi 
subtangent may be determined by (80) in terms of a», and i 
found from the equation of the curve, so that there 'will thus 
mined a point in the asymptote and its direction, which is a 
necessary to fix its position. There will always be an asympt 
is finite, for r=soo. If, for r = oo , a» is also oo, these e 
asymptote. 

3. Let the curve be 'the hyperbolic spiral. 

By ex. 10, art. 81, the subtangent at any point is constant, and 
a, therefore there must be an assrmptote ; also by the 

equation of the curve (u =i — ^0, when r ^ oo , 

therefore the asymptote is perpendicular to the fixed 
axis at the distance a from the pole. 

Neither the logarithmic spiral, nor the spiral of 
Archimedes have an asjrmptote. 

4. Let the spiral whose equation is 




a»* — 1 1 — a»— * 

be proposed, which admits of a rectilinear asymptote, becaiui 
renders/ = ae . The dtrecHon, therefore, of the asymptote is aso 
and conaeqoently the direction of the infinite radius vector, sij 
must be parallel. It remains, therefore, to determine the subtanj 
divtanoe of the asymptote from the pole 

dr Saw-* Sr* 



*•"" (1 — «-^)» aw 



3 
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. . rfSr ^ 2r* ^_ Qkifl a 

SHtte «» s: 1 when r r= ae . 

JK.) Although we do not propose to treat fully in this place of 
asymptotes, yet we may remark in passing, that if r should 
although w be infinite, it will prove that the spiral must be 
iot an infinite number of revolutions round its pole, before it 
the circumference of a circle whose radius is this finite value. 
mdi a <sise, therefore, the spiral has a circular asymptote. If, more- 
ls die value of r for w = 00 be greater than the value of r for every 
cr laliie of m, the spiral will be included within its circular asymptote, 
it will be without this circle. 



5. Thus in the spiral whose equation is 
(r* — ar)u^ — 1 = or w := 



Vr* — ar 

1 infinite when rssof and for all less values of r, w is imaginary ; hence 
» splnl can never approach so near to the pole as r := a, till after an 
inite mmkn of revolutions, so that the circumference whose radius is 
Is wii/km the spiral and is asymptotic. 
\f, on the contrary, the equation had been 

1 



ut 



s/ar — r* 

a also r^^a gives «» = qd, but for all other real values of m, r is lesH 
a a^ so that this spiral is enclosed by its asymptotic circle, the radius of 
ichis a. 

6. To determine the rectilinear asymptote to the logarithmic curve. 

The axis of i. 

7. .To determine the equation of the asymptote to the curve whose 
tttion is 

y* ^ ax* 4" ^• 

The equation is y := i + J a. 

8. To determine the rectilinear asymptote to the spiral whose 
lation is 

r'ssau) ^» 

The fixed axes is the asymptote* 
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0. To determine whether the spiral showB to have a leettl 
asymptote in ex. 4 has also a circular asymptote. 

The circle whose centre is the pole and radius ^ a is an 

(86.) Before terminating the present chapter^ it will be 
exhibit the expression for the differential of the arc of any plM 
us we shall have occasion to employ this expression in the not 

Let us call the arc AB of any plane curve Sy 
and the coordinates of B, x, j^; let also BD be a 
tangent at B, and BC any chord, then if BE, ED 
are parallel to the rectangular axes, BC will be 
increment of the arc s corresponding to B£=A, 
the increment of the abscissa x. 

Now, putting tan. DBE=«, we have 

ED = ha .-. BD = Va« + A««« 
and 

BD + DC _ >/ A* (1 + a^)-\-ha — CK 
BC ■" >//<« + CE* 

CE 

This ratio continually approadies to -— ; or to unity as k 

and this it actually becomes when A =: 0. Consequently, anoe ikw 
BC is always, when of any definite length, longer than the dKidlB 
and shorter dian BD + DC,* it follows that when A s= o that die 
of the arc to either of these must be unity; therefore 



but 



. , ,. „ arcBC , arc BC chord BC 



chordBC ^/yjj ^ CE» .J, , CE* 
A A = "^-^' 



and CE is the increment of the ordinate y corresponding to the incicaa 
A of the abscissa x; hence, when A= o, the ratio becomes 






* Sm Toang^ Biementt of Plane Geometry, p. 204. 
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.'.^^^l + 



rfv* 



^independent variable be taken instead of j, then, denoting 
^^fential coefficients relatively to this new variable by {dx\ 

(rff ) =1 V(rfr)« + «y)«. 

^t where ^= 0, — = 1, or (rf5) = (rfj). 
or ax 



CBAVTBH XX. 

-^t'lON, AND THE RADIUS OF CURVATURE OP 
PLANE CURVES. 

,^^^tis of two plane curves, in the former of which we shall 

Constants a, 6, c, &c. to be known, and therefore the curve 

-w^^terminate ; while in the latter we shall consider the con- 

. > C, &c. to be unknown, or arbitrary, and therefore tlie 

^ ^f the curve given. The constants which enter into the 

* ^ curve, are usually called the parameters, 

> x take the increment h, and the corresponding ordinates 

' '^^veloped, we shall have, by Taylor's theorem, 

^+rf7*+-^ 172+^ r72:3 + *<= ('> 

, the parameters which enter (2) bemg arbitrary, they may be 
ned so as to fulfil as many of tlic conttitions 

_ dy_dY dh/ d^Y 
are parameters^ but obviously not more couditions. 



THE DmERENTlAL CALCULVS. 127 

idopments approach nearer to identity, for all values of A between 
certain finite value k and as the number of identical leading 
become greater. 

- When the first of the conditions (3) exist, the curves have a common 
poini; vvfaen the second also exists they have a common tangent at that 
poni^ and are consequently in contact there, and the contact will be 
ike mate intimate, or the curves will be the closer in the vicinity of the 
penty as the number of following conditions become greater ; so that 
«f all curves of a given species, that will touch any fixed cun-e at a pro- 
posed point with the closest contact whose parameters are aU deter- 
it tuned agreeably to the conditions (3). No other curve of the same 
^ ipedes can, fiom what is proved above, approach so nearly to coinci- 
4aoe with the proposed, in the immediate vicinity of the point of con- 
lMt| aa this ; so that no other of that species can pass between this and 
Ae ptopoted. A curve, thus determined, is said to be, in reference to 
Ae pn^K)sed curve, its osculating curve of the given species. 
(88.) It appears, from what has now been said, that tliere may be 
orders of contact at any proposed point. The two first of the 
(3) must exist for there to be contact at all ; therefore, when 
existy the contact is called simple contact, or contact of the 
; if the next condition also exist, the contact is of the second 
r, and so on; and it is obvious, that of any given species, the oscu- 
htiDg curve will have the highest order of contact, at any proposed 
.fomt) in a given curve. If the curve, given in species, has n parame- 
iBiy the highest order of contact will be the ?( • — 1th, unless, indeed, 
■ Jfte same values of these parameters that fiilfil the n conditions (3), 
\ Aoald happen also to fulfil the n -|- 1th, the n 4- 2th, &c. ; but this, as 
before, can take place only accidentally, and cannot be pre- 
dicted of any proposed point, although we see it is possible for such 
ffofaitBto exist 

(89.) At those points in the proposed curve, for which Taylor's de- 

'dopment does not fail, contact of an even order is both contact and 

"tersection, and contact of an odd order is without intersection ; before 

^ Dving this, however, we may hint to the student that contact is not 

^r .^«pposed to intersection, for two curves are said to be in contact at a 

*^*\ ^mF>'oti when they have a common tangent at that point; and yet, as we 

'^ \^ >l ve about to show, one of these curves may pass between the tangent 
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and the other, and so intersect where they are admitted to be in contBct 
To prove the proposition, let us take the difference (4), whidi, when 
Taylor's theorem liolds, is 

(A, — A',)A*+ S — S (5), 

Ak A» being here the n — Itli differential coefficients. If then aie 

odd, the contact is of an even order, also a, being odd, k will have con- 
trary signs for A = + A' and A = — h', and, therefore, since for these smill 
^-alues of A, the sign of the whole expression (5) is the same as thttof 
the first term, the differences of the ordinates 
corresponding to x-\-hy and to jr — h, will be 
the one positive and the other negative, so that 
the two curves niust necessarily cross at the 
point whose abscissa is j. ^ h 

But if a is even, the contact is of an odd order, and the dififereace(5) 
between the ordinates of the two curves corresponding to die nme 
abscissa, jt + A, will, for a small value of h, have the same sign, wMm 
h be positive or negative ; so that, in tliis case, the curves do not cross 
each other at the point of contact. 

(90.) The student must not &il to bear in remembrance, that die 
proposition just established, comprehends only those points of the pro- 
posed curve, at which none of the differential coefficients become izdfaiite, 
from the first to tliat immediately beyond the coefficient which fiies the 
order of the contact. For it is only upon the supposition that the tme 
development, within these limits, proceeds according to the ascending 
integral and positive powers of A, that the foregoing conclusions respect- 
ing the signs of the difference (5) can be fairly drawn. (See note C.) 

(91.) From the principles of osculation now established, it is ewdent 
that any plane curve being given, and any point in it chosen, we may 
always find what particular curve, of any proposed species, shall tondk 
at tliat point with the closest contact, or which shall most nearly coin- 
cide with the given curve in the immediate vicinity of the proposed 
point. Thus an ellipse or a parabola being given, and a point in it 
proposed, we may determine the circle that shall approach more nearly 
to coincidence witli that ellipse or parabola in the vicinity of the pro- 
posed point, than any other circle, and which will therefore better re- 
present the curvature of the given curve at the proposed point than any 
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Other. On account of its simplicity and uniformity, the circle is the 
cnnre employed to estimate, in this way, the curvature of other curves 
at |»oposed points; that is, the curvature is estimated by the curvatuie 
dlSbe osculating circlcy or rather as the curvature of a circle increases 
tBtlie radius diminishes, and vice versa, it is usual to adopt, a« a fit 
iqM w n tation of the curvature, the reciprocal of the radius. 

He osculating circle is called the circle of curvature, and its radius 

ikBrwdius of curvature, and, from what has been said above, it follows 

litt die determination of the curvature at any point in a proposed curve, 

reduces itself to the determination of this radius : to this, therefore, we 

dhaU now proceed. 

Radius of Curvature, 

PROBLEM I. 

(92.) To determine the radius of curvature at any proposed point of 
:a yi i m curve. 

Tkt fgeneral equation of a circle being 

it bflPOTffps determined as soon as we fix the values of the parameters 
•tP^Ty and these may be determined, so as to fiilfil any three indepen- 
dent conditions, but not more. In the case before us, the conditions to 
be fulfilled are those of (3) art. (87), that is to say, putting p', jf, &c. 
.fv €be successive difierential coefficients derived firom Y = Fx, the 
equation of the given curve, the conditions to be fiilfiUed are 

in Older that the resulting values of a, /3, r, may belong to the equation 
of the osculating circle. Now 

iy w — a d^tf 1 I (* — *)* *^ 

hence the three equations for determining a, /3 and r, are 

(x-a)« + (y-/3)« = r«-....(l), 
(x-a) + /(y_/3) = 0....(2), 

/(y-/3)^ = -.r«....(3). 
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From the seoond eqoatioQ 

Stt b a tilutii ig diis in the fint, 

(/•» + !) (jr-«"=r». 
Adding diis bst to the diird, diere results 

. a- ^+^ 

9 — P^ Zi — 9 

f 
viuch, substitnted in (2), gires 

f' /^ 

CoDseqnenthr, 

«=x -, tp^y H — -J— 



? 






(/Mil)* ^ 

These eqnadoDS completely detenninethe oscakdng ciick)^ 
the co-oidimites x, ^ of the proposed point sue given. 

Shoold thb point be such as to render j/^0, then the ^ 
for die ndius of curvature at that point, becomes 

1__ 1_ 

**" /- iPy ' 

But when />'=0, the tangent at the proposed point must 
to the axis of x (78), or, which is the samft thing, the axis 
coincide with the normal; hence, under this arrangement ' 
X = at the proposed point, and therefore 

1 






1^1 



Should ;^ = at the proposed point, r will be infin 
p'=0 or not, so that the osculating circle then becomes a s 
as, therefore, this straight line has contact of the seconc 
puts of the curve in the vicinity of the point will 
lie on oontraiy sides of it, as in the ann^ed 
dii^gnim (89), that is, sup^osiD^ p"' is neither 
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If j/'' = 0, and tbe next following di£ferential coefficient neither 
&e contact will be of an order which is unaccompanied by 
on. 

nt at which the tangent intersects the curve, or at which the 
anges from convex to concave, is called a point of inflejnorij 
mU of contrary flexure. The analytical indications of such 
nUbe more fully inquired into, when we come to speak of the 
* foints of curves. 

By refening to equation (2) above, which has place even when 
tact is but of the first order, we learn that the centre (a, p) of 
Bodung circle, is always on the normal at the point of contact; 
t equation is the same as 

. dx 

^^ now apply the general expression, for the radius of curva- 
^ ^ particular cases. 

EXAMPLES. 

' 1. To determine the radius of curvature, at any point in a pa- 
tentiating the equation of the curve, 

'f 

2m 



2yp'=z4m .•./)'==• 






2j7>' + 2p'2 = 0. •.;>•= ^ = — 



y y* 

(normaiy ,„ ^ , ^ 
= . n (See Anal. Geom. p. 127). 

ic expression for the normal diminishes with x, the vertex is the 
greatest curvature, r being there equal to 2m, or to half the pa- 

2 
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2. To determine the radiiu of carvatare at any point in an eUipse. 
By differentiating the equation 

we haTe 

aW H- *'x = .-.»' = r- 

a*y ay 

. ^-._ (y*+l) ^_ (fl V + h^^f ^_ (ay-M*x»)i 
• ~ / """ ay '6* ^464 ^^^• 

From this expression, others occasionally nsefnl may be readily derived. 
Thus, since {Anal. Geom. p. 84) the square of the nonnal, N, is 

-r X* + v*i therefore, 

a*N» = *V + a^y».-.r=-^j^=^N» (2). 

Again, since {Anal. Geom. p. 87), 

aN = W .•• r = — . . . . (3). 

At the Tertex r = — := semiparameter (Anal, Geom, p. 69). 

From equations (2) and (3) it follows that, in the ellipse, the ndins of 
curvature varies as the cube of the normal, or as the cube of the diameter 
parallel to thd tangent through the proposed point. 

It is often desirable to obtain r as a function of X, the angle incLoded 
between the normal and the transverse axis. For this purpose we have 
since 

r» = a« (1 — ^) and 3/2 = N« sin.^X, 

^,, b* ,, N^sin-^X^ . ,,, . ,^ 
N» =.^ (1 p ) + N* 8in.% 



but (Anal, Geom, p. 68.) 



b* 



...N = *!-. 



" (1— e«8in.«X^ 
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** a (1 — e»8ln.«X)* ( 1 — Aln.«X)* 

(95.) Since, in the ellipse, the principal transverse is the longest 
diameter, and its conjugate the shortest {Anal. Geom, p. 67), it follows 

fipom (3), that the curvature — is greatest at the vertex of the transverse, 

and least at the vertex of the conjugate axis. At the former point 

6* a* 

r =s — , and at the latter r=s -r- . 
a ' b 

Hie present is a very important problem, being intimately connected 
with inquiries relative to the figure of the earth. 

By means of the last expression for r, the ratio of the polar and 
equatorial diameters of the earth, may be readily deduced, when we 
know &e lengths of a degree of the meridian in two known latitudes, 
L, /, for these lengths may, without error, be considered to coincide 
with &e osculating circles through their middle points; and since 
isimilar arcs of circles are as their radii, we have, by putting M, m for 
the measured degrees, and R, r for the corresponding radii, 

R : r :: M : m, 
but 

( 1 — c«s1d.«L)« (1 — c^sin.'O' 

therefore, since mR = Mr, we have 

m M 



or 



(1 — c«8m.«L)* (1 — c»8in.«0* 

m' (1 — c»8in.*0 = M^ (1 — c«8ln.«L), 
, , \? M^ — m^ 



a _ , y8in.«L-mt8in.»/ , , c ^^^''^ " (^ > ^^^'^^ , 
•'•-r— Vt — a a J =v \ \ 

^ n»^C08.«/--M^C08.«L m J ^ 

(^) C08.»/— cos.«L 

M 

N 
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lr/=0. Until, if ibadtgnCB is nMaaoiedat Ae* 

3. To detemlDe Um ndiiu of ciinstaiv at inf pi 
rilhaiic cone. Ha equation being f = a', 

4. To detmnine the mUd* of cnnatoTB at u; poll 
pnaboU, itieqoatloD betng jr' ^ ax. 



(%■) To detennine (boK pomis in a given curve, U 
Luting circle *^»fl^ have contact of the third order. 

It is here required to find for nhat pciuts of a given 
of >, A r, determined by the three first conditions (3), 
atao the fbnrth condition. 

Hie difierentiBl coefficient p"" as derived fttHn equati 

and dib must agree ^A the jf" derived from the equa 
posed curve, at those points ivhae the contact is of 
that is, the abscissas of these points will all be given b; 

equatbu 
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and when r is a maximum of a miniminn tiiis expresaon is equal to 
(49); hence 

or, dividing by p' and recalling the value of y — /3 deduced in (92), 
we have, finally, 

which bdng tike same equation as that deduced above, it follows that 
the points of maximum and minimum curvature are the same as those 
at which the contact is of the third order. 

(97.) In the preceding investigations we have always considered x to 
be the independent vairiable, because, the expression for the radius of 
curvature has been obtained conformably to this hypothesis. But if 
any other quantity is taken for the independent variable, the foregoing 
expression for r will not apply; therefore, in order to give the greatest 
generality possible to the fomwla for the radius of curvature, we shall 
DOW suppose any arbitrary quantity whatever to be the independent 
nuriable, x and y being fimctions^of it. Hence, instead of p* and p", 
we shall have (p6y 

W ^ (rfV)(rfx)-(rf«..)(rfy) 
(dx) (<fe») 

the parentheses intending to intimate that the independent variable, 
according to which the diflferentialli of the functions x, y 2xe taken, is 
arbitrary, and the differential of which when chosen is with its proper 
powers to be introduced £|s denominators of the above differentials. 
Making, therefore, these substitutions in the expression for r, it becomes 

or, since (86) 

(d*) = >/(rfy)«+(dx)«, 
whatever be to independent variable, 

(day 






. . , . (1). 



{d*y)(^dx)-(iPx)(dy) 

(98.) This expression is of the utmost generality, and will furnish a 
correct formula for every hypothesis respecting the independent variable. 
Thus, if ;r be chosen for the independent variable, then (dx)^ 1 and 

2 
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{(fij)^sOy and the fcnnula in that case is 

lit* 

.(2). 



^ 



• • • 



being the same as that at first giTcn as it ought to be. If y be die 
independent variable, then (d^)^ 1 and (fPy)^0, so that upon diis 
hypothesis the fonnnla is 

r = — .... (S). 

■^ 
If s be the independent variable, dien (ds) s= 1 ; 

... (d«f)=rf^/(ilr)« + (d3r)«=0.-. (irr)=- ^ (il^) (4). 

substituting this in the denominator of (1) we have 

By squaring (1) on this last hypothesis we have 

(rf»y)(rf,)-(rf«ar)(rfy) f 

but, since from (4) 

it may be added to the denominator of thb expression for r* without 
affecting its value, so that 

1 



r»=: 



J 



d^ ds* 
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(99.) We shall now proceed to determine a suitable formula for 
polar curves. 

If the circle whose equation is (1) p. 139, be transformed from rectan- 
gular to polar coordinates, the pole being at the origin of the primitive 
axes, and the axis of s being the fixed line torn which the variable 
angle t»» of the radius vector y is measured, we shall have (Anal. 
Geom.p. 131^ 

(y cos. 01 — «)* -j- (y Bin. « — j3*) = r* .... (1), 

If, therefore, we differentiate on the supposition that a» is the indepen- 
dent and y the dependent variable, and denote the first and second 
differential coefficients by /), and />,, we shall have 

(ycos.w— *)(/>, C08.«—y8in.«)-j-(y8in.w—j3)(p,8in.«4-yco8.ii>)=0... (2) 
(/>^cos.«— y 8in.ii>)*-f (y co8.u>'~a)(j)gCoa,(a^9p^aiiLm'^y C08.w) -f- 
(/>,8in.«-|-ycos.«)* -j- (y sln.w— j3)(;?^8in. «+2j»^co8utf— y8in.w)=0...(3) 

If from the two latter equations we determine the values of y sin. a> — fi 
and y COS. a> — «, and substitute them in (1), we shall obtain the follow- 
ing expression for r in functions of y and its differential coefficients, viz. 

_ (r!±pZi 



ya 4. 2p'» - y;>^ ' • ' ' W 



• • . . 



but we shall arrive at this expression more readily by first deducing 
from the equations 

y =s y gin. 6», X =: y COS w 

the differential coefficients 

= y cos. w + j>, sin. ia = (dy) 

-— — = — y sin. w +/?, cos. w =3 (dx) 

-T-Y = — y 8in» « + 2p, cos. w + P/r 8*^« *^ = \^ y) 

d^x 

=s — y cos. M — 2p^ sin. « +/?^ cos. <•> =s («Px) 



and then substituting them in the general formula (1). 
Since (80) the expression for the normal FN is 

N2 
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we may pat the above expressioQ for r under the Ibim 

5. To detennme the ladins of tm w atui e at aiiy poiot in the 
rithmic ipinl 

dy a y 

^__7 

du " m* ""^•* 
Hence 






7 J 1 -1- ^ (art, 80) = y cosec. P. 
^ tan.« P 

It appears, therefore, that the radios of conratore is always equal to the 
normal. 

6. To determine the radios of corvatore at any point in the cone 
whose equation is 

y = 2 COS. Ill ± 1 

__ (5 ± 4 cos.fai)^ 
"" 9 ± 6 cos.o* 



CBAPTBlt ZZZ. 

ON INVOLUTES, EVOLUTES, AND CONSECUTIVE CURVES. 

(100.) If osculating circles be applied to even/ point in a curve, the 
locus of the centres is called the evolute of the proposed curve, this 
latter being called the involute. 
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The equation of the evolute may be determined by combining the 
equation of the proposed curve with the equations (2), (3) p. 129^ con- 
taining the variable coordinates a, P of the centre. As these three 
equations must exist simultaneously for every point of contact {x, y), 
these two quantities x^ y may be eliminated, and, therefore, a resultng 
equation obtained containing only « and |3, which equation therefore 
will express the general relation between « and /3 for eveiy point (.r, y)\ 
in other words, it will represent the locus of the centres of the osculating 
circles. 

Or, representing the equation of the proposed curve by y^Fx, we 
shall have to eliminate jrjuad y firmn the equations (p. 130) 

y = Fj, 

when the resulting equation in «, /3 will be that of the evolute. 

EXAMPLES. 

(101.) To determine the evolute of the common parabola 



...1+^.^3^ + ^ = 14.-, 4 = - 



y* 



1/3 a — 2m 

.«. a=x+ ~ f-2»i = 3a? +2m.\x=: — - — 

X 

which is the equation of the evolute. If the origin be removed to that 
point in the axis of x whose abscissa is 2m, then the equation becomes 





p^~^r^- 



-.i^^«= 



:i.=j^ 
y *• 



jr«*i*^i*s»^ 



>3=^- 



**x^ 









€ftte 



we have 



••v^>*+«^^)*=«^. 



^Mw ftM^f, liiiBUft iH 



ly — r-»^>«<>Miiiilbf theetolal 



W)t +(..)t=«l=(««-t«)J. 
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Ifa = 0,then/3 = ±y, so ttat the 

the axis of y in two potntsy c, d^ 

JieoriginO. If j3=0,ttai»=± y,8ottatit 

slao meets the axis of x in two pointsy ^ a, 
4litant from 0. If « is nonericillj greater 

- — the oidinates beeooM imaginaijy and if fi 

a 

<i 
'- — the abscissas become iina g i i ai j ; Q ierefoie tte 



four points a, 6, c> d, and touches the axes at 
therefore, of four brandies sjmmetncally wtnated 

3. To determine the evoliite of the 
tion between the asymptotes being ^ := at*. 
The equation of the etohite is 




It 



hjtte 



inOeigve. 
hjpcitelay itsfffS' 



4* 



THEOREM. 

(102.) Normals to the cure are tangents to tiie evolnte. 
Let the equations of the curve and of its erolute be 

y = Fx and j3 r=/«. 

then differentiating the equation (2) p. 129, considering «, |3 as variables 
as well Xy tfy we have 



i-J+;»'(y-»+i.--;^f=o, 



but (130) 



-a=-C+l. 



hence, by substitution. 



y-/3 






•••S^S-S=-F=S^"^''-^'-'^"'> 
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d3 
Now -J- expresses the tngonometrical tangent of ^be angle between 

the axis of x and a linear tangent through any point («, fi) of the e?olute, 

and ; expresses the trigonometrical tangent of the angle between 

the axis of x and a normal at any point (x, y) of the involute; but this 
normal necessarily passes through a point (a, fi) of the evolute, and, 
therefore, in consequence of the abo?e equality, it must coincide with 
the tangent at that point. 

THEOREM. 

(103.) The difference of any two radii of curvatuoe is equal to tbe 
arc of the evolute comprehended between them. 
Differentiating the equation 

on the hypothesis that a is the independent variable, we have 



-(^-«S-<— )='£' 



but by last article 



y-^=(x-.)g 



and 



.•.(x-«)M~--fl)=r«. . . (1), 



-(^—) (-£+'>='• I'- ••(*>• 



Dividing (2) by the square root of (1) we have 



^,1^ + 1=*:. 

that is (86) 



da* + - — da 



ds dr A J. 

— — = --.•. — * = r±a constant, 

da da 

ds dr 
for otherwise there could not be — dl^^da' 
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Hence if r, »^ be the radii of curvature of any two points^ and «, «' 
he corresponding arcs of tiie evolute, then 

r ± const. = — 8 
r* ± const. =: — *' 



x><that the difference of the two radii is equal to the arc of the evolute 
^^iomprehended between them; therefore, if a string fastened to one 
stremity of this arc be wrapped round it and continued in the 
lirection of the tangent at the other extremity as far as the involute 
2urve, the portion of the string thus coinciding with the tangent will by 
^102) be the radius of curvature at that point P of the involute curve 
which it meets, and, consequently, by the above property, if the string 
be now unwound, P will trace out the involute. 



On Consecutive Lines and Curves, 

(104.) Every equation between two variables may always be con- 
sidered as the analytical representation of some plane curve, given in 
species by the degree of the equation, and determinable both in form 
and position by the constants which enter it, provided, that is, these 
constants are fixed and determinate. If, however, the equation contains 
an arbitrary or indeterminate constant «, then, by assuming different 
values for « the equation will represent so many different curves varying 
in form and position, but all belonging to the ^ome family of curves. 

Now if we consider the form and position of one of these curves to 
be fixed by the condition tfs= a , another, intersecting this in some point 
(j>', y), may be determined from a new condition « := a' -j- A; and if h 
be continually diminished, this latter curve will approach more and 
more closely to the fixed curve, and will at length coincide with it. 
During this approach, the point of intersection (j/, y) necessarily varies, 
and becomes fixed in position only v^hen the varying eurve becomes 
coincident with the fixed curve. In this position the point is said to 
be the intersection of consecutive curves, so that what mathematicians 
call cmisecutive curves, are, in reality, coincident curves, and the point 
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which has been denominated their point of intersection may be deter- 
mined as follows: 
(105.) Let 

F(x,y,x') = .... (1) 

represent any plane curve, x being a parameter, and for any intersecting 
curve of the same femily let sf become x -j- A, then, since however 
numerous these intersecting curves may be, the x, y of the intersections 
belong also to the equation (1) ; it follows that as &r as these points 
are concerned, the only quantity in equation (1) which varies is x\ 
therefore, considering j:, y as constants in reference to these points, we 
have, by Taylor's theorem, 

but F [xy y,x^=zO, therefore 

F (Of, y,J^ + h) _ dF (r, y , a/) ^ , cPF (x, y, x') A» , . ^ 
h dx dx^ 1*2^ 

hence, when the curves are consecutive, that is when A =: 0, we have 
the following conditions, viz. 

F(4?,y,x') = 07 

dip (x,y, :,/) _} (2) 

dx' -^ 

to determine x and y. 

Suppose, for example, it were required to determine the point of 
intersection of consecutive normals in any plane curve. 

Representing the equation of the curve by 

y' = Fx', 

and any point in the normal by (jr, y), we have for the equation of the 
normal 

y — 2/'= — --- (a? — gtf) or (y — y^)?' '\'^ — 47' = 0. 

This corresponds to the first of equations (2), af being the parameter; 
hence, diflferentiating with respect to x' of which y' is a function given 
by the equation of the curve, we have 
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y=y' + 



p 



p 

hence (92) consecutive normals intersect at the centre of curvature. 

(106.) If we eliminate the variable parameter af by means of the 
equations (2), the resulting equation will belong to every point of inter- 
section given by every curve of the family 

F (ap> y> Jr> ac') = . . . . (1), 

and its consecutive curve; for whatever value we suppose 3/ to take in 
the equations (2), the result of the elimination will obviously be always 
the same. Hence this resulting equation represents the locus of all 
the intersections, and we may show that at these same intersections this 
locus touches eveiy individual curve in the family. The equation (1), 
where j/ represents a function of x, y, determined by the second of the 
conditions (2) in last article, is obviously the equation of the locus of 
which we are speaking, and the same equation, when x^ takes all possible 
values from to :t ^ 9 furnishes the family of curves, which we are now 
to show are all touched by this locus. Taking any one of this family, 
and differentiating its equation (1), x* being constant, we have 

du du 

Differentiating also the equation (1) of the locus, txf being given by the 
second condition of (2) in last article, we have 

du du du 

du = — dx 4- — dv 4- — : dx = 0. 
dx ^ dy^^dx' ' 

d u 
but by the condition just refened to— =0 at the point where the 

dx* 

curves whose equations we have just differentiated meet; hence, since 

dy 
at those points each of these equations give the same value for -— , 

it follows that they have contact of the first order; we infer, therefore, 

o 
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that the equation (1), when x is determined from the second of the 
conditions (2) last article, represents a curve which' touches and envelopes 
the entire famili/ of curves represented by equation (1),' x* being any 
arbitrary constant. Thus, as we already know, the locus of the inter- 
sections of normab with their consecutive normals is a curve which 
touches them all at their points of intersection, being the evolute of the 
curve to which the normals belong. 
The following examples will further illustrate this theory. 



EXAMPLES. 

(107.) 1. To determine the curve which touches an infinite series of 
equal circles, whose centres are all situated on the same clrcumlerence. 
Let the equation of the fixed circle be 

x'« + 2/'» = r'», 

then, for the coordinates of the centre of any of the variable circles, the 
expressions will be 

of and s/r'^ — x'^. 

so that the general representation of these circles will be 

{x — x'f + (y — s/i^—x'^y — r« = = u .... (1), 

a' being considered as an arbitrary constant. If, however, x' be considered 

not as an arbitrary constant, but as a function of x and y, fulfilling the 

du 
condition --; = 0, then, by the preceding theory, (1) will represent the 

QfX 

curve which touches all the circles in those points where each is intersected 

by its consecutive circle. Hence, differentiating (1) with respect to t^, 

we have 

du , ,. , x'y 

—' = — (a? — a?')4- s ~.g'=0 

dx V^_«a:'2 



... — a?N//«— a/* -f-d?> = 



r X 



Thid, then, is the function of a?, y, which, substituted for y, in (1), gives 
the equation of the locus sought. The result of this substitution is 
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•J,* +Jf' = f' ± r .-. J» + s* = (.^ ± r)', 

=- m aqoaUon Te yroe Dting Aea clrclea, whose radii are TcMpectirely r* -f- r 

^ iqd f' — r. Hence tbe serlea of ciicles are touched and eoTeloped by two 

dmilar ores, haTing these radii, and tbe ■ame centre ai the fixed circle- 

S. Between the sidai of a glmn angle are drawn an Infinite Dumber 
of itiaig'htiinea, >o that the trlanglet formed may all have the Hune anrface, 
required the carve to which every one of them linea U a tangent 

Let the glren angle be 0, and, talcli^ ita ildea for axea, we bave, for tbe 
eqoatlon of erery variable line, 

y = « + 0). 

Hid, patting ioccesalrely ji = and j! ^ 0, tbe reaoltlng expreuloni for 
* and jr denote the aides of tbe variable triangle, lacloding tbe given angle, 

to tbat ttieee ddee are — — and /3; hence, calling tbe conitant anrface ; 



bence the eqnatioa (1) Is the same a» 

, = -&^- + /3....W, 
lAeie j9 la considered aa an Brbitmry constant. Bnt If for this Brbitiary 
CMMlailt we snbetltute the function of x, Brislng from the condition—, 
= 0, then (3) will represent the locus of the intersections of each variaUe 
line, with Ita consecntive line, which locoa toochea them all. Difi^n- 
tlitlDg then Willi i^ard to fi, we have 



a + l=:0.'. 



rsln.d^ 




in (i) ^ves for tbe eqaatlon of tbe wmght ci 
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bence the corre b an hyperbola, having the sides of the gifen snfj^ te 
asymptotes. 

3. The centres of an infinite number of equal ciicles are all dtoiM 
on the same straight line : required the line which touches them aU? 

j4h4. They are touched by two parallels to the Une of eotnii 

4. From erery point in a parabola lines are drawn, maUngte 
tame angle with the diameter that the diameter makes with the taigpA: 
required the line touching them aU? 

j4i%s. They are touched by a point, viz. the focus, in wlddi 
therefore they all meet. 



ON THE SINGULAR POINTS OF CURVES, AND ON 
CURVILINEAR ASYMPTOTES. 

Sluitipie Points* 

(IW) If »eYvral branches of a curre meet in one point, whcdier by 
r^^^"^^ ^wiching each odier, that point is called a multiple point 
JIJ^vT^ "^ ^^ point bsaid tobe of the first species, and in the 
ui«MiM\j' ul*^^*^* *pwiek and we propose heie to inquire bow, by 
«^ of lh# ^uatiou of any cur^, these points, if any, may be de- 

^^ ^'^^ *^5f ^ twwpent of tile iwdimitBOD of 

^^3r) to te «ai of x; ao Aat dbe cqiu- 
••■***«kiadpirt 
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its multiple points [of the first species will all be giren analytically by 
die equation 

80 tfiat no systems of values for x and y can belong to multiple points 
of the first species^ but such as satisfy the conditions 

du ^ du 

as well as the equation of the curve. Having, therefore, determined 
all such systems of values by solving the two last equations, the true 
values oip for each system will be ascertained by proceeding as in (41), 
and those systems only will belong to multiple points of the first species 
that give multiple values to p\ Let us apply ^s to an example or two. 



EXAMPLES. 

( 1 09. ) 1 . To determine whether the curve represented by the equation 
has any intersecting branches 

At the points where branches intersect we must have 

3a^ (y + 4) =0, 3o^ — «>=0 

.*. 4r =s 0, y = 

or 

a = ^\/ 3a^ y = — b^ 

this second system of co<»dinate8 do not satisfy the proposed equation, and 
tbeiefoie do not mark any point in the curve; the first system, which in 
admissible, shows that if there exist any multiple point it must be at the 
origin. Hence, to ascertain the true value of y at this point, we buve, 
by difierentiaUng both numerator and denominator in the expression 

_ (to(y + 4)4-8^/ ^_ 

02 
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_r 6(y-i-fe)-i-lV^H-3JFy ,_ 66 , 6. 

■" >- 6ay/-|-6<i/« — 6x •' ""««[/]» ' ' *-^ ■» "^ V — » 

therefore, as this has bat one real rtlue, the cnrfe has no intersecting 
branches. 

2. To determine whether the ciir?e r^resented by the equation 

X* -\- 2aj^y — ay's: 
lias intersecting branches 

There is bat one system of valnes that can satisfy these three equations, m. 

so that if there are intersecting branches they must intersect at the origin. 
To determine, therefore, whether at this point p\ has multiple values we 
have 

r«'l — rii^fLt^l — A 

— r ^-^ + 2gy + 2axp' ___0 
■"•■ ^ayp' — 2ax "^""T 

3a[/J« — 2a 
.•.3a [/p — 6a[/]=0 

.-. [y]=0or[/]=±V2; 
hence three branches of the curve intersect at the 
origin ; the tangent to one of them at that point is 
parallel to the axis of Xf and the tangents to the 
other two are symmetrically situated with respect to 
the axis of y, since they are inclined to Uie axis of 
X, at angles whose tangents are + i^ 2 and — ^^ 2. 

(110.) Should the values oip' corresponding to any values of .r and 
y, which satisfy the equation of the curve, be all imaginary, we must 
infer that,, although such a system of values belong to a point of the 
locus, yet that point must be detached from the other points of the 
locus, for since, if the abscissa of this point be increased by A, the de- 
velopment of the ordinate will agree with Taylor's development, as for, 
at least, as the second term for all values of h, between some finite 
value and 0, it follows that all the corresponding ordinates between 
these limits must be imaginaiy, so that the proposed point is isolated, 
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having no geometrical connexion with the cunre, although its coordi- 
nates satisfy the equation. Such a point is called a conjugate point. 

(111.) From what has now been said, it appears that, by having 
the equation of a plane curve given, those points in it where branches 
intersect, as also those which axe entirely detached from the curve, al- 
though belonging to its equation, may always be determined by the 
application of the differential calculus, and independently of all con- 
siderations about the foiling cases of Taylor's theorem, except, indeed, 
those connected with the theory of vanishing fractions. We shall now 
seek the analytical indications of 

Multiple Points of the Second Species. 

(112.) The second species of multiple points, or those where branches 
of the curve touch each other, the differential calculus does not furnish 
the means of readily determining from the implicit equation of the 
curve. We know that at such a point, p' cannot admit of different 
values, since the branches have one common tangent, and we know, 
moreover, that if Taylor's theorem does not fail at that point we shall, 
by successively differentiating, at length arrive at a coefficient which, 
being put imder the form ^, the different values will indicate so many 
diffei'ent touching branches; for if no coefficient gave multiple values 
for the proposed coordinates j?Vy» then the ordinates corresponding to 
the abscissas between the limits x' and x ±hyh being some finite value, 
would each have but one value, and, therefore, different branches could 
not proceed from the point (x , y). But we have no means of ascer- 
taining d priori which of the coefficients furnishes the multiple value. 
When, however, the equation of the curve is explicit, then the multiple 
points of either species are very easily determined. Thus, if the equa- 
tion of the curve be 

3/ = (d? — ay V a? — b-^c, 

we at once see that x = a destroys the radical in ^ and p', that reappears 

in p'; therefore, at the point corresponding to this 

abscissa, there will be but one tangent, and yet two 

branches of the curve proceed from it on account of the 

double value of p". Hence the point is a double point 

of the second species, the branches have contact of the 
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first order, and, because //= 0, the common tangent is parallel to Ifae 
axis; if the radical had been of the third d^ree, the point conespoafiig 
to the same abscissa would have been a triple point, &c. It appem, 
therefore, that when the equation of the curve is 8<dyed for ^, ibere iri 
exist a multiple point, if in the expression for jr a radical is multiplied 
by the &ctor (jt — a)«». If m=s 1, the branches of the curve inteneet 
at the point whose abscissa is xssa, because then j/ at that pcnnttaka 
the same values as the radical, but if m > 1 then the brandies toodi^ 
because then the radical is destroyed in p' for xssa; in bodi cases Ae 
index of the radical will denote the number of branches which meet is 
the point. Such, therefore, are the geometrical significations of die 
cases discussed in (75) and (76). 

CuipSy or Points of Regression. 

(113.) A cuspy or point of regression is that particular 
kind of double point of the second species in which the 
two touching branches terminate, and through which they 
do not pass, so that on one side of such a point, viz. on that -^ 
where the branches lie, the ordinate has a double value, 
and on the other side the contiguous ordinate has an Y S 
imaginary value. fs^ 

The cusp represented in the first figure, where the branches are one 
on each side the common tangent, is called a cusp of the first kind, 
and that in the second figure, where the branches be both on one side, 
a cusp of the second kind. 

(114.) It isxobvious that cusps can exist only at those points, the 
particular coordinates of which cause Taylor's theorem to fidi, for if 
Taylor's theorem did not fail at such a point, then the ordinates in the 
vicinity, corresponding both to j/-f Aandtox — A, would be both 
possible or impossible at the same time. We are not, however, to 
infor that when the adjacent ordinates are on the one side of any point 
real, and on the other side imaginary, that a cusp necessarily exists at 
that point, for it is plain that the same analytical indications are foi^ 
nished by the point which limits any curve in the direction of the axis 
of a:, or at which the tangent is perpendicular to that axis, as in the 
third figure. It becomes important, therefore, in seeking particular 
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; points of curves to be able to distinguish the point which limits the 

,eai¥e in the direction of the axes from cusps. 

(115.) Now at the limits, the tangents to the curve are parallel to 

dy 
' Hie axes, the limits are therefore determined by the equations -- = 00 
^ ax 

*> fl^ 

'and — =0, and they fulfil, moreover, the following additional con- 

editions, viz. 1°9 the ordinate or abscissa, whichever it 

: may be, that is parallel to the tangent, immediately 

!' beyond the limit, must be imaginary, but if it be ascer- 

=^1ained that this is not the case, the point is not a limit 

but a cusp of the first kind, posited as in the annexed 

figures, or else a point of inflexion; the latter when the 

contiguous ordinates are the one greater and the other 

less than that at the point. 2°, Besides the first condition there 

must exist also this, viz. that immediately within the limit the 

double ordinate or abscissa, whichever may be parallel to the 

tangent, must have one of its values greater and the other less 

i than at the point, but if both are greater or both less the point 

is not a limit but a cusp of the second kind, posited as in the 

amiexed figures. Hence, when the branches forming the cusp 

touch the abscissa or the ordinate of the point, they may be dis- 

dy 
covered by seeking among the values which satisfy the equations •— - =s 

dx 

dy 
and -^ = 00 , those which do not fulfil both the foregoing conditions. 
dx 

Let us illustrate this by examples. 

EXAMPLES. 

(1 16.) 1. To determine whether the curve whose equation is 

(y— d)» = (^ — a)« 

has a cusp at the point where the tangent is parallel to the axis of y. 
By dififerentiatiDg 

dy 2 X — a 

rfJp"~T* (y — by 
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this becomes infinite for ysszb, therefore tfae point to be ezamised 
(a, b). In order to this sabstitute a ± A for #9 in tlie proposed eqoatt 
and we have, for the contigoone oidinatee^ 

which is not imaginary either for -f- A or — A ; the point 
(a, b) is therefore a cnsp of the first lund^ and posited as 
in the fig^e, since the contiguous values of y are both 
greater than b, 

2. To determine whether the curve whose equation is 

y — a = (« — 6)^4- (« — 6)* 
has a cusp at the point where the tangent is parallel to the axis of y 

dy 
Here the coefficient -y- becomes infinite for a=sb, therefore ^( 

to be ezamhied is (6, a). Substituting fr -f A for s, we have 

For negative values of A this is imaginary, therefore the curve lies < 
to the right of the ordinate y ^ a, so that the condition 1® pertain; 
limit is fulfilled. To the right of this ordinate the two 
values of y, corresponding to a value of h, ever so snoall, 
are both greater than y = a, so that the condition 2° is not 
fulfilled^ the point (b, a) is therefore a cusp of the second 
kindy and posited as in the cut. 

3. To determine the point of the curve whose equation is 

(3/ — a — J?)* = (a? — i)», 

at which the tangent is parallel to the axis of y. 

The differential coefficient becomes infinite for x ^ b, therel 
point to'be examined is (&, a -f- ^)* Substituting b -^ h for x, 

3, = (a + 6) + A*4-A, 

negative values of A render this imaginary, therefore the condition 
1° is fulfilled ; positive values give two values for y, and as A may 

be talcen so small that A^ may exceed A, andisince, moreover, the ' 

two values of A^ are the one positive and the other negative, it 
that the real ordinate contiguous to the point has one value greal 
the other less, than that at the point of contact ; hence the conditi 
also fulfilled, and thus the point marlcs the limit of the cnrve, 
therefore, lies to the right of the ordinate, through 47 == 6. 

2 
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(117.) Having thus seen how to determine ^ose cusps where the 
branches touch an ordinate or abscissa, we shall now seek how to 
discover those at which the tangent is oblique to ^e axes. The true 
development of the ordinate contiguous to such a cusp must be of 
the form 

ax 

and the corresponding ordinate of the tangent will be 

hence, subtracting this from the former, we have 

A = AA* + j3A^ + <fec. 

(1 18.) Now in order that the point (a^,y) may be a cusp, this diffe- 
rence for a small value of h must have two values, and to be a cusp of 
the first kind these two values must obviously have opposite signs, but 

since h may be so small that Ah may exceed the sum of all the follow- 

a 

ing terms, h must have two opposite values; hence, a must be a fraction 
with an even denominator^ and, conversely, if a be a fraction with an 
even denominator, the point (sf, \f) will be a cusp of the first kind. 

Hence, 'at such a point, --— - is either or oo : if /3 > 2, and oo if 

/3<2. 

(119.) In order that the cusp may be of the second kind, both 

values of A must have the same sign there, for h cannot admit of 
opposite values of the same value of A, consequently a must in this case 
be either a whole number, or else a fraction with an odd denominator; 
and conversely, if « be either a whole number, or a fraction with an 
odd denominator, the point {afy y) will be a cusp of tjie second kind, 
provided, of course, that a has two values. The position of the branches 
will depend on the sign of A. 
We shall now give an example or two. 

(120.) 4. To determine whether the cnrve whose equation is 
has a cusp. 



V 
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Here y U possible for positiye valaes of x, and imaginaiy for all negt- 
live values ; hence there ma\i be a cusp at the origin. To ascertain tliiBi 
pat h for Xf in the equation, and we have, for the conUgaons ordinate, dv 
value 

The coefBcient of h being 1 = — -~- we see that the tangent 

to the curve at the origin is inclined at 45° to the axes, and, 
since ) has an even denominator the origin is a cusp of the first kind. 

5. To determine whether the curve whose equation is 

has a cusp. 

Here y is imaginary for all negative values of x, therefore the poirt 
(0, a) may be a cusp. Substituting h for x, we have 

As before, the tangent is inclined at 45° to the axes, and, 
since the exponent of the third term is a whole number, and 
the whole expression admits of two values, in consequence of 

the even root tifl, it follows that the proposed point is a cusp of theseooid 
kind. The branches are situated to the right of the axis of y, became A 
must be positive, and they are above the tangent because hh* is positive. 

6. To determine whether the curve whose equation is 

(2y + a?+l)« = 2(l--*)« 
has a cusp. 

Here values of x greater than 1 are obviously inadmissible, and to tUi 
value of X corresponds y = — 1 ; hence the point having these ooordinatoi 
may be a cusp. Substituting 1 -f A for a>, we have 

therefore the tangent to the curve at the proposed point has the trigono- 
metrical tangent of its inclination to the axis of x equal to ^, and sisee 
the fraction j has an even denominator, the point is a cusp of 
the first kind. Because h is negative, the branches are to the 
left of the ordinate to the point which is below the axis of x, 
because this ordinate is negative. 
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Points of Inflexion. 

(121.) Points of inflexion bave been defined at (92), and we have there 
shown ^lat a point of this kind always exists when its abscissa causes 
all the differential coefficients to vanish between the first and the nth, 
provided the nth be odd and become neither nor oo . The simplest 

indication therefore of a point of inflexion is ["rxJ = ^> ^"^^ t"7y3"J 

Cut CLXr 

neither nor oo ; such indications, however, cannot be furnished by any 
point at which the tangent is parallel to the axis of y, since in this case 

\ — 1 and all the following coefficients become infinite. Neither can 
^dx 

these indications take place at any point, for which Taylor's theorem 
feils after the third term. It becomes, therefore, of consequence, in 
examining particular points of a curve, to be able to detect the existence 
of points of inflexion by some general method, independently of the 
difieiential coefficients beyond the first. The only general method of 
doing this is that which we have already employed for the discovery of 
cusps, and which consists simply in examining the course of the curve 
in the immediate vicinity and on each side the point in question. 
Points of inflexion are somewhat similar to cusps, each having some of 
the analytical characteristics common to both, and to the limiting points 
of curves as already hinted at in (114). But the characteristic property 
of a point of inflexion is, that the adjacent ordinates on each side are 
the one greater and the other less than the ordinate at the point. This 
peculiarity distinguishes a point of inflexion fix)m a 
limit, inasmuch as at a limit the ordinate imme- 
diately beyond is imaginary; and it distinguishes it 
finom a cusp of the first kind inasmuch as at such a 
cusp the adjacent ordinates are either both greater or 
both less than at the point, or else, as is the case when 
the tangent at the point is oblique to the axes, one of these ordmates is 
imaginary, the other double. We have then first to ascertain at what 
points of the curve inflexions may exist, or to find what points are given 
by the conditions 

— —-ss. — = or oc . 
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or, which is the same thing, what points are given by the separate 
conditions 

P = 0,Q = O, 

we are then, by examining the course of the curve in the vidnityof eaek 
point, to determine to which of them really belong the chaiacteiistic of 
an inflexion. 

Thus the means of distinguishing points of inflexion being suffidenti^ 
clear, we shall proceed to a few examples. 

EXAMPLES. 

1. To determine whether the curre whose equation is 

y = fe-|-(x — a)* 

has a point of inflexion where the tangent is parallel to the azu of jr. 
Here 

/ = 3(a? — a)», 

and when the tangent is parallel to the axis of ^, |»' = 0, ,\ x^ataA 
y=:b, at the proposed point. In the Yicinity x = a -{- /t, 

which is greater than b, the ordinate of the point when h is posttH^ 
and less when A is negative ; the point (a, b) is therefore a pobil of 
inflexion. 

2. To determine whether the curve whose equation is ^ =: «* or 

5 

yss.ofi has ibn inflexion at any point. 

this becomes ob for ^ = 0, therefore a point of inflexion may exist at tbe 
origin. Putting A for x we have 

which is greater than 0, the ordinate of the point, when h is positive, and 
less when A is negative ; hence there is an inflexion 
at the origin. Also the equation of the tangent 

beingy =gd7^, the ordinates corresponding to x= ± A 
are both less than those given by the above equation ; 
hence the curve lies above the tangent to tbe right 
of the origin, and below it to the left, as in the 
figure. 




-A 
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%• To detennine whethw the cui^ whose equation U 

3f — « = (« — a)» 
has a point of inflexion 

this becomes infinite for « = a, therefore a point of inflexion may exist at 
the point (a, a). In the vicinity of this point « = a + A, 

which is greater than a when A is positive, and less 
when h is negative ; hence {a, a,) is a point of in- 
flexion. As the corresponding ordinates of the 
tangent y = a ± A, one> viz. y ^i a -\- h, is less 
than that of the curve, and the other greater; hence 
tiie curve bends, as in the figure. 



On Curvilinear Asymptotes. 

(122.) Two plane curves, having infinite branches, are said to be asymp- 
totes to each other, when they approach the closer to each other as the 
branches are prolonged, but meet only at an infinite distance.* 

Hence, sipce the expression for the difference of the ordinates cor- 
responding to the same abscissa in two such curves becomes less and 
less, as the abscissa becomes greater and greater, and finally becomes 
0, when the abscissa becomes oo, it follows that that expression can 
contain none but negative powers of Xy without the addition of any 
constant quantity. For, if a positive power of x entered the expression 
for the difference, that expression would become not but oo, when 
xvsz CDy and, if there were a quantity independent of j*, the difference 
would be reduced to this quantity, and not to 0, for j? = 0. Hence 
two curves are asymptotes to each other, when the general expression 
for the difference of die ordinates corresponding to the same abscissa is 

A = Afx~^ + BV^^-f Cx"^ + <fec (1 ), 



* Spirals meet their asymptotic circles only after an infinite number of 
revolutions ; these we do not consider here, having examined them at (85). 
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or when the general ezpreision ht the difference of the abscissas cor- 
responding to the same ordinate is 

A = Ay"» 4- B'y-^ + C'y-^ + Ac (2), 

and conversely, when the curves are asymptotes to each other; one or 
both these forms must have place. 

If for one of the curves whose corresponding ordinates are supposed 
to give the difference (1) there be substituted another, which would re- 
duce that difference to 

B'*"^ + C'*""^ + Se- 
this new curve would be an asymptote to both, and would obviously, 
throughout its course, continually approach nearer to that which it has 
been compared to, than the one for which we have substituted it does. 
In like manner, if a third curve would further reduce the difference (1) 
to 

CaT^ + Ac. 

this third curve would approach the first still nearer, and all the four 
would be asymptotes to each other. It appears, therefore, that every 
curve of which the ordinate may be expanded into an expression of 
the form 

y=sA««-f Ba^-I- .... A'a?"* -f B'*"^ + <fec (3). 

admits of an infinite number of asymptotes. 

Since the general expression for the ordinate of a straight line is 
^=?Aj-f- B, for the difference between this ordinate and that of a 
curve at the point whose abscissa is j, to have the form (1), the equa- 
tion of the curve must be 

y = A^ + B-hA'*~* + B'.r'"'^+*c (4), 

this equation, therefore, comprehends all the curves that have a rec- 
tilinear asymptote, and among them the common hyperbola, whose 
equation is 

2/ = ± -5 (^ — A3)*= T -5 «? T i ABar-^ + Ac. 

A A. 

The curves included in the equation (4) are therefi)Pe called hyper' 
holic curves. 

The other curves comprised in the more general equation (3), not 
admitting of a rectilinear asymptote, are called parabolic curves. 
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The common hyperbola we see by the above equation admits of the 

B 
two rectilmear asymptotes y =: ± --- x, and of an infinite number of 

A 

hyperbolic asymptotes. 

As an example of this method of discovering rectilinear and curvilinear 
asymptotes, let the equation 

be proposed. The development of ^ in a series of descending powers 
of X is (Ex. 9, p. 50,) 

yss — »i— — — Ac. 

therefore the curve has one rectilinear asymptote, parallel to the axis of 
Xy its equation being y = — m; the hyperbolic asymptote next to this, 
and which lies closer to the curve, is of the four^ order, its equation 
being 

yjfi -|- ma^ -f- m* = 0. 

Again, let the equation of the proposed curve be 

b 

s=:&r-* + <fec. ■....(]), 
also, since 

^-a' = ^. '.*=« + *. -^ir^ + Ac (2). 

From (1) it appears that the curve has a rectilinear asymptote, coinci- 
dent with the axis of a:, its equation being ^ = ; the hyperbola whose 
asymptotes coincide with the axes is also an asymptote, its equation 
being j^ = 6. From (2) it appears that the curve has another rectili- 
near asymptote, parallel to the axis of y, its equation being x=za; the 
hyperbola next to this is of the third order. If we consider the radi- 
cal, in the proposed equation, to admit of either a positive or a nega- 
tive value, then there will be two rectilinear asymptotes, parallel to the 
axis of y and equidistant from it, as abo two hyperbolic asymptotes, 
symmetrically situated between the axes. 
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SECTION III. 

ON THE GENERAL THEORY OF CURVE SUI 
AND OF CURVES OF DOUBLE CURVATUI 



CBAVTSIt I. 



ON TANGENT AND NORMAL PLANES. 



PROBLEM. I. 



(123.) To determine the equation of the tangent plane at 
on a curve surface. 

Let (y, y, /,) represent any point on a curve sur&ce of \ 
equation is 

zxzF(a,y), 

then the tangent plane will obviously be determined, when t^ 
tangents through this point are determined. Let us then con 
greater simplicity, the two linear tangents respectively parall 
planes of xz, zy; their equations are 



THE DlfFEHElTTIAL CALCULUS. 163 

Moreofver the tsaeei of the plane dirough the lines (t\ (2), upon the 
planes of xZy zy, heing parallel to the lines Uiemselves, a and b must 
be the same in the traces as in these lines, and since they are the same 
in the plane as in its traces, it follows that the equation of this plane 
must be 

»~*'=y(*-*') + ^(y-y') (3), 

in which the partial differential coefficients pf, (f^ express the trigono- 
metrical tangents of the inclinations of the vertical traces to the axes of 
X and y respectively. 

For the angle which the horizontal trace makes with the axis of x we 
have, by putting xssO, in (3), 

tan. inc. -^ » 

(124.) If the equation of the sur&ce is given under the form 

w = F(^,y,z,) = .... (4), 

then the expressions for the total diffential coefficients derived iirom u, 
considered as a function, first of the single variable or, and then of the 
single variable y^ are (57) 

,du^ du , du , 

^dx^ dx^dz^ 

,du^ du , du , 

from which we get the values 

du du 

dz dz 

hence, by substituting these expressions in (3), the equation for the 
tangent plane becomes 

du du du , X 

(,_O- + (*-y)^ + (y-y)^=0 ....(5). 

PBOBLEM II. 

(125.) To determine the equation of the normal line at any point of 
a curve surface. 
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We have here merely to express te equation of a straight line, pe^ 
pendicular to the plane (3), and passing through the point of contact 

Now the projections of this line must be perpendicular to the traces 
of the tangent plane, or to the lines (1), (2,) hence the equations of 
these projections must be 

which together, therefore, represoit the normal. 

(126.) If we represent by a, /3, y, the inclinations of this line to the 
axes of Xy Vy ^9 respectively, then (Anal, Geom. p. 226^ 

cog.a= , ^ 

>//^ + y'* + l 

cog./3=; , ~"^ 

'^P^ + ^+l 

1 

cos. y s: 



V^ j>'» + ^ + 1 

(127.) If the equation of tiie sur&ce be given under the form (4), 
last problem, then, in these expressions^for the inclinations, we must, 
instead of p' and q% write their values as before determined from that 
equation. If, for brevity, we put 

1 






the expressions for the cosines will then be 

du ^ du du 

cos. a =: i; -7-, cos. p = » -r-, cos. y =: t> -r- * 
ew dy ' dz 

As every plane which contains the normal line must be perpendicular 
to the tangent plane, it is obvious that there exists an infinite number 
of normal planes to any point of a sur&ce. 

PROBLEM III. 

(128.) To determine tiie equation of die tangent line ta any point of 
a curve of double curvature. 
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We have already indicated (Anal, Geom, p. 311 J how this equation 
is to be determined : 
Let 

y=/x,zzsVaf .... (1) 

be the equations of Ae projections of the proposed curve, on the planes 
of xyy xZy and let {sf, %f, z\) be the point to which the linear tangent is 
to be drawn, which point will be projected into (y, y) and (a^, /,) on 
the plane curves (1), therefore tangents through them to these plane 
curves will be represented by the two equations 

z — z ssq (a? — x) ' 
these, therefore, together represent the required tangent in space. 



PROBLEM IV. 

(129.) To determine the equation of the normal plane at any point 
in a curve of double curvature. 

The equation of any plane passing through a proposed point is 
(Anal, Geom. p. 231^ 

A(jr — a?') + B(y— y') + C(af — /) = .... (1), 

and for the traces of this plane on the planes of xy, xz, we have, by 
putting in succession 2 =0, y= 0, the equations 

« — 2'sB— — (a? — »') + -^ y'> 

but since these two traces are respectively perpendicular to those 
marked (2), last problem, 

B , C , 

hence the equation (1) becomes 

ay — a/ 4-/(3/ — ^) +/(«? — OO • • • • (2)i 
which represents the normal plane sought. 
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ON CYLINDRICAL SURFACES, CONICAL SURFACES, A}iD 

SURFACES OF REVOLUTION. 

(130.) These surfeces have been considered in the Anah/td 
Geometry, and the general equations of the two first classes have to 
deduced, on the hypothesis that the directrix is always a plane ante. 
We shall now suppose the directrix to be any curve situated in spate, 
and investigate the differential equations of these surfeces, as also (rf 
surfaces of revolution in general. 

Conical and Cylindrical Surfaces. 

PROBLEM I. 

To determine the equation of cylindrical sur&ces in general. 
Let the equations of the generating straight line be 

and the equations of any curve in space considered as the directrix, 
F(x,y,«)=0,/(x,3/,«)=0 . . . • (2). 
Now for every point in this directrix, all these equations exist simul- 
taneously; moreover, the constants a, b, are fixed, since the inclination 
of the generating line does not vary, but the constants «, /3, are not fixed, 
smce the position of the generating line does vary. If, then, we elimi- 
nate jr, y^ Zy from the above equations, there vnll enter, in the resulting 
equation, only the constants a, 6, and the indeterminates «, /3, hence 
solvmg this equation, for /3 we shaU get a result of the form jSsr^. 
abo^^'^^ ^ ^^ ^^^ substitute in this the values of a and /3 give 
these v^br°^^ ^^ *' ^' ^' ^^ ^^^ ^^® ^* general relation amon 

'^W'^^km -jy^°^ <tf cylindrical surfeces in general, the fimction 
■3IZ!r^j'"^"V on ^ Toaxm^ of the directrix. 
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[131.) Now, by differentiation, this function may be eliminated (58), 
ice, 

.-. ay + tf' = loro^ 4-6 ^ = 1 • • • • Wi 

ich is the general differential equation of cylindrical sur&ces. 
[132.) iThe same equation may be immediately deduced from the 
leral equation of a tangent plane,* to the cylindrical surface. Thus, 
equation of any tangent plane, through a point {x'y y\ z") being 

«-r'=y(x-x') + f'(y-y'), 
condition necessary for it to be always tangent to the cylinder on 
ich this point is situated, is merely that it may be always parallel to 
generatrix (1), and this condition, expressed analytically, b (AnaL 
ofn. p. 232.) 

«/ + *?'— 1=0 .... (4), 

3 is, therefore, the relation which must have place between the partial 
ferential coefficients derived from the equation of the sur^e, in order 
t that sur&ce may be cylindrical, and it agrees with the relation 
fore established. 

If, in this equation, we write for p', q% their values deduced from the 
aation m=0 of any cylindrical surface, as exhibited in (124), becomes 

du , , du du ^ .^. 



PROBLEM II. 

(133.) Given the equation of the generatrix, to determine the cyUn- 

ical sur^e which envelopes a given curve surface. 
Since the cylinder envelopes the given surface, the curve of contact 
common to both, therefore every tangent plane to the cylinder touches 

16 enveloped sur&ce in that curve. The equation of any of these tan- 

^nt planes is 

£-»'=/ (x ~i') + sf (y— y'), 

whether y and q' be derived from the equation of the surface, and take 

lose particular values which restrict them to the curve of contact, or 

2 
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whether />' and <( be dehyed firom the equation of the cylinder, and 
preserve their general values, because in the one case the contact of 
each tangent is confined to a point in the curve of contact, and in the 
other case the contact extends along the whole length of the cylinder. 
Hence, for the curve of contact, the condition (5) must have place, as 
well as for the entire surface of the cylinder. The mode of solution is, 
therefore, obvious ; we must deduce p' and 9' firom the equation of die 
given sur£ice, and substitute them in (5), the result combined wi^ die 
equation of the given surface, will obviously represent the carve for 
which p and q are conunon to both sur&ces ; that is to say, we shall 
thus have the equations of the directrix, and that of the generatrix being 
also given, the particular cylindrical surface becomes determined. 

(134.) If the proposed curve surface be of the second order, dien die 
equation (5) will necessarily be of the first degree in jr, y, f, and ^ 
therefore, represent a plane ; so that the combination of this, wiA die 
equation of any surface, must necessarily represent a plane sectioD of 
that sur&ce ; we infer, therefore, that if any cylindrical surface ciicnn- 
scribe a surface of the second order, the curve of contact will always be 
a plane curve, and consequently of the second order, and tfaerefbi 
cylinder itself must be of the second order. 

PROBLEM III. 

(135.) To determine the general equation of conical surfaces. 

Let (y, y, 2',) be the vertex of the conical sur&ce, then since die 
generatrix always passes through this point, its equations, in any po- 
sition, will be 

...a = :^^,i=^. 

z — s 2 — z 

Also, let the equations of the directrix be 

F(x,y,x) = 0,/(x,i/,2)=0 .... (2), 
then, since for every point in this line, the equations (1) and (2) exist 
together, we may eliminate the variables .r, y, ? ; the result will be an 
equation, containing the fixed constants af^ y, and the indetetmiiis^ 
a, 6; therefore, solving this equation for 6, we shall have 6=^- 
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Heoce, substituting for a, b, their values in terms of x, y, we have 

for the equation of conical surfeices in general, the function ^ depending 
entirely on the directrix. 

(136.) Eliminating the function 0, by differentiating each member of 
this equation with respect to x and y, and dividing the results as in 
(58)y we have 

(y— y^)y _ »— »-— (x— j/)y 

which reduces to 

the differential equation of conical surfiices in general. 

(137.) This same equation, like that of cylindrical surfaces, may be 
obtained more readily by the consideration of the tangent plane, which, 
as it always passes through the vertex (y, y, s',) is, in every position, 
represented by the equation 

«-8'=y(x — a/)+/(y-y'), 

this relation, therefore, must exist between the partial differential co- 
efficients p'y g*, for every point of the sur&ce, in order that it may be 
conical. 

As in Problem I. if for p', q', we substitute their values derived 
from the implicit equation of any conical sur&ce, the differential equa- 
tion becomes 

du du du 

PROBLEM IV. 

(138.) Given the position of the vertex, to determine the equation of 
the conical surfece that envelopes a given curve sur&ce. 

Since the cone envelopes the proposed sur^e, the curve of contact 
is c<nmnon to both, so that the tangent planes to the cone touch also 
the ^yen surface, according to this curve. The equation, therefore, o£- 
the tangent plane 

«-.»'=;^(x-y)+/(y-y') (1), 

Q 
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holds equally fof any point on the conical sur&ce, and for any point in 
tlie curve of contact. Hence, if the values of/)', (fy be derived from the 
equation of the given sur&ce, and substituted in (1), thia^ combined 
with tlie equation of the given sur&ce, must lepresent the curve com- 
mon to both surfeces, that is, the directrix of the cone. Hiereibre, the 
vertex and directrix being known, the equation of the required conical 
surface becomes determinable. 

(1 39.) If the given curve sui&ce be of the second order, the equation 
(1) will be also of the second order; but, nevertheless, the combination 
of these two equations will be that of a plane, for a surface of the second 
order may be generally represented by the equation 

-|-2Dyz + 2E4rz-|-2Fjrj^ \^=^^ .... (2), 
+ 2Gy + 2Hy + 2J8 3 

which gives 

d« Ax -I- Fy 4- E» -f G 

^■" Ex-hDy-hCs + J 

^ _ Fj + B y + Pz -f H 
dy^ Ex + Dy + C« + J ' 

substituting these values for />' and q\ in the equation (1), and sub- 
tracting from the result the equation (2), we have, 

(Ax + Fy' -f Ea' -f G) x. 



+ Dz' + H)y7 
+ Cx' + J) « 1 

./ _l_ .T*' _l_ IT J 



-h(Ex' + Dy'+Cx' + J);s ^ -® ^^^' 

-h Gx^ -f Hy -h J«' -f K 

which is the equation of a plane ; therefore, the conical sur&ce which 
circumscribes a sur&ce of the second order, must itself be also of the 
iiecond order. 

(140.) The above proof is from Mxmgt (Application de P Analyse d la 
Gcomctrie)y but it may be rendered much more concise, by assuming 
the axes of reference so as to give the general equation of the sur&ce a 
simpler form. Thus, let the axis of x pass through the centre, if &e 
sur^ce have a centre, or be parallel to its diameters if it have not, and 
let the other two axes be parallel to the conjugates to this, the form of 
the equation will then be 

A«»-f By*+Ca?» + 2Fx = G .... (4), 






• • 
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d» _ F -f Cig d% _ By 
dx At * rfy At ' 

Thes^ values, substituted for j/ and q' in (1), conyert that equation into 

*-~*^+ — —a; + — A, — ==^' 

or 

Ai« 4- By* -f Cd!» + F* — A»'i — B/y — Ca'«— F/ = 0. 

Hie difference between this, and (3), is 

Ax's + By'y -f Ca<x 4. F« -f Fa's G, 

the equation of a plane. 

(141.) Referring again to Mong^s process, we may remark, that if 
we accent the constants in the general equation (2), it may be taken as 
the representative of another sur&ce of the second order, for which the 
plane of contact with a circumscribing cone, whose summit coincides 
with that of the former cone, will be represented by the equation 

(Ay + Fy'+Et'-f G')*>^ 

4- (F^ + By' + Ds'-f H') y ^ _o ... 

4- (E*' + Dy + Cr' + J') X ("■ ^^' ' 

4- Gy 4- Hy 4- J»' 4- R' ^ t 

Now, although equation (3) be multiplied by an indeterminate con- 
stant, py the result will still represent the same plane, and this plane 
will obviously be identical to that represented by (5), provided the co- 
efficients of the variables x, y, z, are the same in both equations, that is 
to say, provided we -have the conditions 

j»(Aa?'4-Fy' 4.Es'4-G) = Ay4-Fy' 4-E«'-f G' 
p (Fy 4- By* 4- D*' 4- H) = Fy 4- By' 4- D«'4- H' 
;> (Eaf' 4- Dy' 4- C»' 4- J) = E^ 4- Dy' 4- C»' 4- J' 
p (Ga^ + Uy-^Jzf 4. K) = G^ 4- Hy' 4- J«' 4- K'. 

As, therefore, the four quantities ^,y, s',jp, are arbitrary, they may be 
det^mined so that these conditions shall be fulfilled, the four equations 
beii^ just sufficient to fix the values of these four quantities, and as 
each of them enters only in the first degree, they will each have but one 
value. It follows, therefore, that there is a certain point, and only one, 
from which, as a vertex, if tangent cones be drawn to two given surfaces 
of the second order, their planes of contact shall coincide. The com- 
mon vertex will be at the intersection of those diameters to each of 
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which the plane of contact is conjugate ; sinee it has been shewn above, 
that the vertex of the tangent cone is always situated on that diameter 
of the surfece, to which the plane of contact is coojngate*. 

(142.) We may here observe, that as we have not fixed the origin of 
the axes to any particular point on the diameter which has been taken 
for the axis of x, nor, indeed, the diameter itself we may consider the 
diameter to be that passing through the vertex (y, y, jf,) of the cone, 
and this point to be the origin, in which case y, y, z'y will each be 0, 
and the equation of the plane through the curve of contact, will then be 
simply 

Fi=G.M=^, ' 

F 

hence, the plane through the curve of contact, is oonjugate to the di- 
ameter through the vertex of the cone. If this vertex be supposed m* 
finitely distant, the same result will belong to the drcumacribing cylin^ 
der, viz. that the plane of the curve of contact, is conjugate to the di« 
ameter parallel to the generatrix of the cylinder. 

Surfaces of Revolution, 

(143.) The surfaces of revolution, considered in the Analytical Ge- 
ometry, comprise those only in which the revolving curve is always 
situated in the plane of the fixed axis. We shall here treat of surfibces 
of revolution in general, the revolving curve being any how situated 
with respect to the axes. Sections of the sur&ce, in the plane of the 
axis, are called meridians, 

PROBLEM V. 

(144.) To determine the equation of surfaces of revolution in general. 
Let the equations of the generating curve be 

F (d?,y, s)s=0,/(a?,y, 2)=:0 .... (i), 

and those of the fixed axis 



«p = az -^ a 



I . . . . (2), 



* For these, and other kindred properties, the student is referred to 
Mr, Davies's paper on Geometry of Three Dimensions, in Leyboum^t 
Bepository, yqI» 6, 
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then, since the characteristic property of surfaces of reTolution is, that 
every section perpendicular to the fixed axis is a circle, we shall have 
first to determine a plane perpendicular to the line (2), and then to ex- 
press the condition that this plane, combined with the sur&ce, always 
represents a circle whose centre is on (2). Now, the equation of the 
required plane is {Anal. Geom. p. 235,) 

z-^ ax-^-by^c . . . . (3), 

and the condition is, that it must give the same section as if it were to 
cut a sphere, whose centre we may fix at pleasure, but whose radius 
will vary with the section, that is, it will depend upon c in equa. (3). 
Assuming the centre of this sphere at the point where tlie line (2) 
pierces the plane of jry, its equation will be {Anal. Geom. p. 241,) 

(x-«)»+(y--i3)« + «» = r« (4). 

Hence, supposing r to be the proper fiinction of c, the equations (1), 
(3), (4), must all have place together; hence we may eliminate x, y, r, 
and thus determine what the relation between r and c must necessarily 
be, to render these equations coexistent The result of the elimination 
will obviously lead to c=^^, hence, substituting for c and r their 
values in terms of the variables, we have, finally, 

* + ax + 6y = 0{(x — «)«+(y — i3)« + «»} (5), 

for the relation which must always exist among the co-ordinates of 
every point, in every circular section. This, therefore, is the equation 
of surfeuies of revolution in general. 

(145.) If the fixed axis be taken for the axis of z, then a, a; 6, /3, are 
each 0, therefore, in this case, the general equation becomes 

« = 0(x« + y« + «») (6), 

which, solved for z, takes the form 

2 = i|/(a?«-fy«) .... (7). 

(146.) There is one case of this general problem, viz. that where the 
generatrix is a straight line, revolving round the axis of z, but not in the 
same plane with it, that deserves particular notice. 

Let us take, for axis of x, the shortest distance between the axis of z 
and the generating line ; then this axis will be perpendicular to both 
(65), the equations, therefore, of.the line will be 

J? = ± «, 3/ = ± 62, 

Q2 
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also, for any variable section perpendicular to the axis of s 

* ^ <p, jr* -f y* -j- «• =s r* 
Eliminating x, y^ z, we have 

for c and r* putting their values above, we have 

By putting successively x = 0, y = in this equation, the resulting 
forms belong to hyperbolas, hence the surface is the hyperholoid of re- 
volution of a single sheet. The equation of the hyperbola correspond- 
ing to j: = is 

b y* 

SO that 1/ ^ ± 62 is the equation of the asymptotes, (see Anal. Geom. p. 99,) 
hence the generating straight line, in its first position, is in a plane with 
and parallel to one or other of the asymptotes of that hyperbola in its 
first position, which would generate by revolving round the axis of r, 
the same surface as the line ; these two lines, therefore, continue pa- 
rallel during the revolution of both ; the one, viz. the asymptote, gene- 
rating the conical surface asymptotic to the hyperholoid generated by 
the other line, viz. the line 

a? = ± o, y = iz, 

or 

x=±a,y=:^bz, 

and it therefore follows that these four lines will be the sections made 
on the sur^e by two tangent planes to the asymptotic cone drawn 
through any diametrically opposite points in its surface ; these will cut 
each other on the surface two and two, and include an angle equal to 
that betweeh the asymptotes, so that the surface may be generated \>y 
the revolution of either of tliese intersecting lines. 

We shall shortly see that hyperboloids of one sheet, in general, ad- 
mit of two distinct modes of generation by the motion of a straight line. 

(147.) Eliminating the indeterminate function 0, which depends on 
the nature of the generating curve (1) by differentiation, as, in the pre- 
ceding problems, we find 

p' -{- a X — « -f-jp'z 
Z + ft""!^ — i3 + 9'z' 
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from which results the partial differential equation 

(y — /3 — *»)/—(x— • — «)/—&(*— *) — «(y—i3)=0..(l), 

and when the axis of z coincides with that of revolution, this becomes 

The differential equation of surfaces of revolution may also be ob- 
tained from the consideratien of the normal, which must always cut the 
axis of revolution, being situated in the meridian plane. Thus, the 
equations' to the normal are 025) 

y— ^4-/(2-0=05 

and as these must exist simultaneously with the equations (2), we may 
eliminate j:, y, z, and the result will necessarily be the required relation 
between p', q', and the variable co-ordinates sf, y, z', of any point on 
thesuri^ce. 

PROBLEM VI. 

(148.) A given curve surfece revolves round a given axis, to deter- 
mine the surface which touches and envelopes the moveable surface in 
every position. 

The enveloping sur&ce touches the moveable one in every position ; 
if, therefore, we take any particular position of the latter, their combi- 
nation will give the ctirve of contact ; this curve being common to both 
sur£cices, the tangent planes, at all its points, are common to both sur- 
faces ; hence, the values of y, q'y which vary only with the tangent plane, 
are the same for both surfiices, as far as this common curve is concerned, 
and it is evidently by the revolution of this curve round the fixed axis, 
that the enveloping sur^e is generated. Hence, to determine this 
curve, we must deduce p\ q'y from the given equation, substitute them 
in the general equation (1) of sur&ces of revolution, since there is a 
line on some such sur&ce to which they belong, as well as to the given 
sur&ce; and then, to determine what this line really is, it will be ne- 
cessary merely to combine this last result with the equation of the 
given sur&ce: we shall thus obtain the equations of the generating 
curve, and the position of the fixed axis being previously known, the 
enveloping sur&ce is determinable by Prob. V. 

(149.) As an illustration of this, let us suppose a spheroid to revolve 

2 
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about any diameter, to find the equation of the sur&ce enveloping it in 
evefy position. 

Let the sur&ce be referred to the principal diameters of the spheroid^ 
then the equations of any other diameter will be 

x = asyjf = &s . . . . (1), 

and the spheroid itself may be represented by the equation 

from which we derive 

substituting these values in the general equation, for all surfitoes of re- 
volution round the proposed axis (1), that is in the equation 

(y — b*)p* — (* — «*) / + ay — **= 0, 
and we have 

hence, combining this with the given equation, we have, for the gene- 
rating curve of the envelope, the equations 

ay^bx y 

hence, the envelope itself is to be determined thus. We must elimi- 
nate X, y, Zf by means of (2), and the equations 

^ + 3/» + s» = r»5 ^^^' 

of any circular section, the result will be 

putting for r and c their values in terms of x^y, z, we have, finally, 

{»«(•»* -f 3/* + «*) — »»'} («* + 6*), 
=: { (z -^ ax -{- by) >/«*—! — 's/ m^ — jc^ — y^—z^f' 
which is the equation of the enveloping surface*. 

* This solution is from Hymers's Geometry of Three Dimensions, p. 145. 
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TBIt XZZ. 

ON THE CURVATURE OF SURFACES IN GENERAL. 

(150.) The simplest method of contemplating surfkces, is by consi- 
dering them as produced by the motion of a line straight or curved, 
which, in all its positions, is subject to a fixed law. Viewed under 
this aspect sur&ces seem to divide themselves into two distinct and very 
comprehensive classes, viz. those whose generatrices must necessarily 
be a curve, and those whose generatrices may be a straight line. If, in 
this latter class of surfaces, the law which regulates the generating 
straight line be such that through any two of its positions, however close, 
a plane may always be drawn, then it is obvious, that in every such 
sur&ce, if a plane through the generatrix in any position, but not through 
any other points of the sur^e, that is if a tangent plane, be drawn, this 
plane, if supposed perfectly flexible, might be wrapped round the 
surface, without being twisted or torn, or, on the contrary, the surfece 
itself might be unrolled, and would then coincide in all its points with the 
plane. Sur&ces of this kind are, therefore, very properly distinguished 
by the name Developable Surfaces; the simplest of these are the cone 
and cylinder. 

(151.) We see, therefoue, that these surfaces are such that a plane 
may be drawn through any two positions of the generatrix, and which, 
if turned round one position supposed fixed, will pass through all the 
intermediate positions of the other. But if the law of generation is such 
that this cannot have place for any two positions, however close, then 
the tangent plane, through one position, could plainly never be brought 
to pass also through another position, however near, vnthout being 
twisted. Such sur&ces, therefore, are properly designated by the name 
Twisted Surfaces, 

These two kinds of sur&ces will be separately discussed hereafter, 
the particulars in the present chapter relate to curve surfaces in general. 

Osculation of Curve Surfaces, 

(152.) Let the equations of two curve surfaces be 

«=/(d«,y),Z = F(x,y), 
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when refered to the same axes of coordinates. The first of these sur- 
fiices we shall suppose fixed, both in magnitude in position by the 
constants a, b, c, &c., which enter its equation, being fixed. The 
second surfiuie we shall suppose fixed only in form, by the form of its 
equation being given, but indeterminate as to magnitude and position, 
on account of the arbitrary constants A, B,C, &c. which enter its equation. 
Let now the variables x, and y, take the increments h and k, then, 
for the first surfoce, we have (60) 

dt dx d^% iPx 

it») -f Ac- 



dy» 



and for the second, 

^ dx dy ' ' ^ da^ * dxdy 

^ **) + *«• 

or, more briefly, 

s' = r -i-/A -f qk -f \ (r'A* -f is'hk + ffc^) -f- Ac. 
Z =Z-f FA 4- Q'Ar-f i (R'A« + 2S'AAr + T'>fc»)-f «fec. 

Now the constants A, B, C, &c. being arbitrary, we may determine one 
of them in fimctions of j:, y and the known constants, so that the con- 
dition 

» = Z or/(d?, y) = F (j?, y) 

may be fulfilled. Such a value substituted for the constant in the 
equation Z ^ F (x, y,) will cause all the sur&ces represented by this 
equation to have a point (x, y, ;?,) in common with the given sur£aice. 
If two more of the arbitrary constants be determined firom the conditions . 

the resulting values of these constants being also substituted in the 
same equation, the surfaces then represented will, in consequence, all 
have a common tangent plane at the point (x,y, 2,) virith the fixed 
surface. Therefore, that this may be the case, three arbitrary constants, 
at least, must enter the proposed equation, and the contact which they 
determine is called contact of the first order. Contact of the second 
order requires that the following additional conditions be fulfilled, viz. 
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\ 



requiring three more arbitrary constants to be determined, and so on; 
and that sur&ce, all whose arbitrary constants are determined agreeably 
to these conditions, will^ for reasons similar to those assigned at (87) 
for plane curves, touch the proposed sur&ce more intimately than any 
other sur&ce of the same order. It is called the osculating surface of 
that order. 

If the touching surface be a sphere, then, since in its equaticm there 
can enter only four disposable constants, the contact cannot be so high 
as the second order, seeing that for this there must be six disposable 
constants, but as contact of the first order would leave still one constant 
arbitrary, it follows that an infinite number of spheres may have simple 
contact with a surface at any proposed point, yet one of these nun/ be 
determined that shall be strictly the osculating sphere, or which shall 
touch more intimately all round the point of contact than any other. 

Curvature of different Sections. 

PROBLEM I. 

(153.) At any point on a curve surface to find the radius of 
curvature of a normal section. 

For greater simplicity, let us suppose the plane of xj/ to coincide 

with the tangent plane at the proposed point, then the axis of z will 

coincide with the normal, and all the normal sections will be vertical. 

Let the plane of the proposed section be inclined at an angle 9 to the 

plane of xz, then the angle which its trace x' on the plane of xy makes 

with the axis of x will obviously be 0, and the x, y of this trace will 

also be the x, y of the section. Now (97) the radius of curvature p at 

(dz) 
the proposed point where, (86), (dx') = (ds) and -rr-r = 0, if 



IS 



But (86) 





rf«« 


p= 






dx» 


da« 





di» 



+ 2.' ^ + - ''*" 



dx dx^ 



^=^ = ' + -¥='+*«°-''" 
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hence, by substitution, 

l + tan.«0 1 

^"■/+2#tan.0-f <'tan.»0 f' co8.*e -^ ^ efM.0 an.9 -{- f am.^'"^ ^' 

For the radius of curvature p', of a second normal section inclined at an 
angle 9 -f 90® to the plane of xz, we have, by puttix^ 9 -f 90® for 0, 



1 

•' 8ln.» — 2/ cos, 

consequently, 



^' ■" r' 8ln.» e — 2/ COS. sin. + ^coi.« e ' ' * * ^^^' 



l + -i=r' + r (3), 

P 9 

SO that the mm of the curvatures of any two normal sections through 

the same point at right angles to each other, is a constant quantity. 

(154.) Consequently, when one of these curvatures is the greatest 
possible, the other must be the least possible; that is, at eveiy point on 
a curve surface, the sections of greatest and least curvature are alwm/s 
perpendicular to each other, virhich beautiful theorem was first discovered 
by Euler, and is demonstrated by most writers on curve sur&ces, though 
in a manner far less simple than that above. 

(155.) To determine the values of the radii of curvature of any per- 
pendicular sections at their point of intersection, let the plane of xz be 
made to coincide with one of them by turning round the normal; that 
is to say, let = 0, then the foregoing expressions for p and p' become 

P = -7>P=y • • • (4). 

(156.) But to determine the expressions for the radii of greatest and 
least curvatures, without causing the vertical planes of coordinates to 
coincide with the sections, we must know the inclinations of these 
sections to the vertical planes, that is, we must know the angle 9. To 

find this from the property — = max, or min, we have, taking for 

the independent variable in the expression for p, 

dl 



Q — 2/ cos. 9 sin. 9 + 2/ (cos.« 9 — sin.* 9) -\- 

2/'sin. 0COS. = .... (5), 
or, dividing by 2 sin *0, we have 
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f •• 

cot.*eH r— cot.e — 1=0 .... (6), 

fiom wluch we get for tile two inclinatioiis sought 

^« /— <* ± N/(r'— n« -f- 48'* COS. e 

cot. © « ^TTT ^^^ — ■ = — : r-> 

2«' sin. e 

the upper sign corresponding to the maximum, and the under to the 
minimum. Substituting these values in the first of the expressions (1), 
which may be written thus 

cot.«g-f-l 

^ ■"r' cot.* e -f. 2«' cot. e -f f* 

we have for tiie radii of greatest and least curvatures the expressions 

2 




R = j=^ ^ • • • ('^^• 

These are called the principal radii of curvature at the proposed point, 
and the sections themselves the principal sections through that point. 

(154.) If we know the principal radii and the inclination <p of any 
normal section to a principal section through the point, the radius of 
curvature of the normal section at that point may be expressed in terms 
of these known quantities. For, bringing the vertical coordinate planes 
into coincidence with the planes of principal section, we have 0=0, 
and, consequently, as appears from equation (6), last article,, s'ssO; 
and, since (4) 

we have 

1 Rr 

^^r' co8.«0 4- f 8in.*0^r 8in.»0 + R cos.* • • • • (8) 

p R8in.*0 ^ rco8.«0 "^ ^ 

It is plain from this ^pression that if R and r have the same sign, p 
will have that sign for every section through the proposed point, which 
is the same as saying that if the principal sections are both convex 
or both concave, every other section through the same point will be 

R 
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similarly convex or concave^ andy therefore, also the entire saifiiceit 
that point. In such a case the minimum radius must be 9So&h!tAj 
shorter than any other radius of curvature at the point, and the maximMi 
radius longer than any other. 

(155.) If the two principal radii have not only the same sign but the 
same length, then the foregoing expression gives always p = R whatefet 
be the inclination 0, so that then all the normal sections have the same 
curvature and all are principal sections, as is the case witii tiie ^hs 
and with the ellipsoid of revolution, the paraboloid of revolatioiiyllp& 
at those points through which the fixed axis passes. 

(156.) If the surface belong to the second of die classes mcntioBed 
in (147), then no point can be assumed on it through iM^iich a ftisi^ 
line may not be drawn, and, as the curvature of this line is 0, it fcOon 
that the curvature of the section perpendicular to it must equal die soi 
of the curvatures of any two perpendicular sections tiliroagfa the mu 
point. 

(157.) Let us now suppose that the principal radii It, r have diifent 
signs, as r positive and R negative, which vnll be the case if onerf 
these sections be convex and the other concave, we shall then have 

Rr 

•^ R COS.* — r sin.* ^ 

which becomes infinite when 

R 

r sin.* ^ R cos.* or when tan. ^=z±: ^ — , 

but for all positive and negative values of between this and 0, p inB 

be positive, while beyond these limits p will be negative. 

It appears, therefore, that if firom the origin two straight lines are 

drawn in the tangent plane inclined to the axis of x at the angles ^s 

R R 

-^-nj— and 0= — V — , these will coincide with the surfiu^; all the 
r r 

sections between the sides of the two opposite angles thus formed wHl 

be convex, all the sections between the sides of the other two opposite 

supplementary angles will be concave, so tiiat the two atrai^ lines 

which we have seen may be drawn from the proposed point to coincide 

with the sur&ce, separate the convexity fix)m the concavity at diat point 

(158.) In order to determine whether the principal radii at any point 

2 
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are both of the same sign or not, we may observe that the expressions 
(7) for these radii at art (153) may be put under the form 

2 

(10), 



• • • • 



/ + /'— V(r' + 0' — 4(r'r — •«)3 

fiom which forms we immediately see that the radii will have the same 
sign, viz. positive if r^tf — 8** > 0, and contrary signs if r^*' — «^ < 0; 
this last condition, therefore, exists in the case just considered. 

(159.) We shall terminate these remarks by showing that a para- 
boloid of the second order may always be found, such that its vertex 
being applied to any point in any curve surfiice, the normal sections 
through that point shall have the same curvature for both surfaces. 

For, take the planes of the principal sections for those of xz, yz, then 
the radii of these sections being R, r we know that a paraboloid, whose 
vertex is at the origin, will in reference to the same axes be represented 
by the equation (And, Geom, p. 263,J 

r and R being the semi-parameters of the sections of the paraboloid *ou 
the planes of xz^ yz. Now the equation of a normal section of this 
paraboloid, by a plane whose inclination to that, of xz is 0, will be 
obtained by substituting in this equation / cos. <p for x, x' sin. for y, z 
remaining the same for all normal sections (AnaL Geom, p. 281^; 
hence, the equation of the section in question is 



, COS.* sin.* . « „ 



2Rr 



Sr 2R ^ Rco8.«0± r8in.*0 

so that the semi-parameter, and, consequently, the radius of curvature 
(94) of this parabolic or hyperbolic section, is 

Rr 

Rcos.'^irsin.*/ 

the very same as the radius of curvature of the corresponding section of 
the proposed surface, be this what it may (1 54) . Hence, this paraboloid 
has the sande curvature in every direction that the proposed surface has 
at the origin of the coordinates. 



.14 rss Ban&xsnxL 



II. 

:•«. TaiBBanaKfccBfiKofcHiahaeataqrpQiiitmanoiUkiBe 

dnngli the point as axis of x^the 

e an €f s' oi Ae pbne of die sectkn; 

of 1, obe a ntn ial aectkn dmraglk At 

/, we ka:ve^ aft die proposed poot 




^=(^''«'»* 




• — (1), 

oMh|Me acclion, and p tiieiadins of ^ 

to die fcnner; so tibat yisthep- 

fff the cmifat tectiony which remaikable 

fim dboRBy tha^ if wilh die radios of 
aspkerebedescfibed, anddnooj;!! 
point phnes be drawn, cottiiig 
Vadk the sphere and the proposed sufKC^ erety sectioii of the splieie 
wiB be an cecmkdnf drde to the conespoodmg section of the sor&oe, 
becaosew if the nonnal ladins of the sphere be prelected on any of these 
sectHQS« the p royeciion will obmosly be the ladius of that sectioii, and 
the sane proyection is» by die aboYe theorom, the radius of curvataie 
<Df the conespoodin; section of the proposed sm&ce. 

Limes of C mr vm i mrt mmd Radii cf Spherical Curvature. 

(1610 ^^ speaking of plane coires we ha^e already explained (104) 
what IS to be nndetstood by aw i cci rf iwg normaU and congecirtifeecafgtt. 
We propose^ in the present aitid^ to consider die intetsectioiis of any 
nonnal at a point of a carve suiftoe with its consecutiTe nomal; bat 
here it must be remarked that consecutive normals to curve SQiiho»do 
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tiot necessarily intersect, as in plane curves, for, before coinciding, these 
normals, although ever so close, need not be both in the same plane; 
and, in such a case, when they become consecutive, or coincide, they 
coincide throughout at once, having even then no point in common 
that before coinciding was a point of intersection. Hence such conse- 
cutive normals have no point of intersection. If, however, upon any 
curve surface there can be traced a line, such that the normal to the 
snr&ce at every point of it is intersected by the consecutive normal, 
diat line will have peculiar properties. Such a line is called, by Monge, 
u line of curvature, 

PROBLEM III. 

(162.) To determine the lines of curvature through any point on a 
curve suT&ce. 

Let the surface be referred to any rectangular axes whatever, then 
(«', y, .z',) being any point on it, we have, for the equations of the 
normal, 

(A) x — x'j^p'{z-^z')^Ol ,j. 

(B) y-.y'+y'(z-;.') = 5 ^ ^• 

Let now the independent variables x*, y, take any increments A, k, the 
equations of the normal to the corresponding point vnll be 



dA dA 

dB dB , J- . . . . (2). 



5. = 0-x 

^ . • • • 



Now, if the normals (1), (2) intersect, their equations must exist simul- 
taneously ; therefore, since A = 0, B = 0, 



dA dA * , «^ n 



(3). 



dx* dvf 

"Die coordinates (x, y, 2r,) of the intersection of the proposed normals 
will be obtained by the combination of the four equations (1) and (3) 
in terms of j<, y, s^^ which are fixed, and of the increments A:, A. But 
firom lour equations three unknowns may be always eliminated, and the 

r2 



K , dA dy' 
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result of this eliminarioa will be an equatioa between the other qoant^ 
ties; hence then theie exists a conttant relation between & incitwmli 
k^ hy when the normals intersect, these increnoents are theBdbie d^ 
dent; consequently the y, s, of which these aie the incmneDl^ maAk 
dependent;* therefore, when the nocmala are coDMcutrve^ thati^nlw 
A = 0, the equations (3) become 

dt' 
dB 

dx ' dy dx 

or, by substituting for A and B their values (1), 

l+/(/ + /-Ji-) + («'~0(f'+t'-gl)=rO (4) 

% +f'(/-ff'-^) + («'-0 ('' + '' -^) = (5), 

from which, eliminating 7f — z, we have the following equation fo 

dy' 
determining -- 
dx 

( (1 + 9") '-pWO^ -f ( (1 + /*) r'- (1 + ji'») O-^ - 

(1 +;>'•)*' +y?V=o (©). 

This being a quadratic equation furnishes two values for -^ the tao- 

dx 

g^nt of the inclination of the projection of the line of curvature throng 

(y, y\ 2f), on the plane of xy to the axis of x. Hence, there are two 

directions in which .lines of curvature can be drawn tfarougfa any pfo* 

posed point, and if in (6) we substitute for p', q*y &o. their goioil 

values in functions of x, y, that equation will then be the differeotiil 

equation which belongs to the projections of every pair of lines of 



* If this should appear doubtful to the student, its truth may be shown 
by removing the axes of x, y, to the proposed point. In which positioB 
k, h, will be the variable coordinates of the line of curvafars, and tbsM 
will merely taice a constant when the axes are replaced in tiieir iist 
position. 
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', SO that every line oit a curve snifiice ivfaidK at all it9 points 

iStus equation, will be a line of curvature. 

(163.) Between every pair of lines of curvature there exists a y&cf 

relation : it is that they are always at right angles to eaeh 

To prove this it will only be necessary to place the coordinate 

plajoea^ which have hitherto been arbitrary, so that the plane of xy may 

.coincide with, or at least be parallel to, the tangent plane at the point 

to be Gonsidered^ in which case p* and q' are both 0, and, consequently, 

the equation (6) becomes 

dy* f^ — f dy . 

dy 
therefore, calling the two roots or values of -r-, tan. and tan. ^', we 

have, by the theory of equations, 

tan.O tan.d'^ — 1, 

which proves that the projections of the two lines of curvature through 

the origin, are perpendicular to each other, and consequently the lines 

tfaenoselves are perpendicular to each other. 

dy^ 
Moreover, the equation (7), if divided by j-^sstan.'d becomes iom^ 

tical to equation (6), page 181, which determines the inclinations of 
the principal sections ; hence, the lines of curvature through any point, 
always touch the sections of greatest and least curvature at that point. 
Also, in the same hypothesis, with respect to the disposition of the co- 
ordinate planes / =: 0, therefore the equation (4) or (5) gives ^ 

1 tan.9 

orsss 



"" f^ -f * tan.e ""*'+^tan.e' 

but if the plane of xz coincide with a plane of principal secticm, it 
will, as we have just seen, touch the line of curvature, and then ^=s(^ 
so that 

1 ) 

« = ^or-, 

and tiiese are precisely the expressions found at (152), for the two radii 
of curvature of the principal sections at the proposed point, in reference 
to the same axes ; hence we infer, (;161,) that the consecutive normals to 
the sur&ce at any point, intersect at the same points as the consecutive 



II! 
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I 



Dormak to the principal sectkxis. These points of intenectioQ, a 
other than the centres of curvature of the sur&ce of the proposed | 
for if spheres be described from these centres to pass through ^ 
posed pointy they will touch there, since both have die same nfl 
and thoefore the same tangent plane; and these two spheres h» 
same curvature as the surftoe in the two directions of die lines 
Tatnre, since consecutive normals to the sur&ce in these direcdon 
that through the point at the centres of these spheres, also die 
sections, tangential to these directions, have the corresponding sei 
of the spheres for their osculating circles, since the consecutive dm 
at their point of contact, also intersect at these centres ; therefon 
radii of curvature of the sur&ce at any point, coincides ^itirely wi 
radii of curvature of the principal sections through that point, sc 
(155) if the radii are both equal at any point, the curvature of the si 
is uniform all round that point 

(1 64.) The annexed figure is intended to give an idea 
of the disposition of the lines of curvature on the sur- 
fece (S,) drawn through points P, F, &c. PT,PT, 
&c. are the normals to the sur&ce at those points, 
and as each is intersected by its consecutive nor- 
mal, the locus TV . . .of these intersections is a 
curve. The locus too of the normals PT, FT, &c. 
themselves form a sur&ce, throughout perpendicular 
to the proposed; this sur&ce, thus generated by the 
nation of a straight line P T along the curve P P' . . . 
and each position intersecting its consecutive position, 
is obviously a developable surface; one of whose edges is the li 
curvature P P' . . . and the other the line of centres XT' . . . whic 
ter is called the edge of regression of the developable surface. Pro 
ing, in like manner, along the other line of curvature through I 
have another developable normal sur&ce, whose edge of regressi 
the locus of the centres of curvature belonging to this second li 
curvature. Applying similar considerations to every point on thf 
foce (S), we shall thus have an infinite number of developable m 
surfiices at right angles to each other, and which will obviously fon 
gether two continuous volumes, and the edges of regression will, ii 
Buumeri form two continuous sur&ces, or sheets^ being the locus < 
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the centres of curvature. These sur&ces, therefore, bear the same rela- 
tion to the original sur&ce, that what in plane curves we have called 
the evolute bears to theinvolute. 

It would be quite incompatible with the pretensions of this Uttle 
volume to extend any further our inquiries into the properties of lines 
efcwrvature. For more detailed infiMrmation respecting these remark- 
able lines, the student must study the illustrious author by whom they 
were first considered, Monge, in his Application de ^Analyse d la 
Gcamitriey a work abounding with the most profound and beautiful 
^peculations on the subject of curve surfiices and curves of double cur- 
vature, and which, together with the Developpementg de Gcomctrie of 
DtqnUf constitute a complete body of information on a very attractive 
and important branch of mathematical study, the cultivation of which, 
however, has been almost entirely neglected hitherto in this country.* 

Radii of Spherical Curvature. 

(165.) We have already seen that the radii of spherical curvature or 
simply the radii of curvature at any point of a sur&ce, are identical to 
the radii of the principal sections through that point, and have given 
tolerably commodious formulas for the calculation of these radii when 
the axes to which the surfiice is referred originate at the proposed point, 
the plane of xy being coincident with the tangent plane, and the axis of 
z with the normal at that point. We have also seen that when these 
radii are determined, a paraboloid may also be determined, having its 
vertex at the proposed point and its curvature in all directions round 
that point and in its immediate vicinity, the same as the curvature of the 
sur&ce; so that be the sur&ce ever so complicated, its curvature at any 
particular point will be correctly presented to us by the vertex of a 
determinable paraboloid. All this, however, supposes the radii of 
curvature of the sur&ce at this point to be known; it remains, therefore, 
to show how these radii may be determined whatever be the position of 
the coordinate axes. 

* The only English Mathematician, I believe, who has produced pubfic 
proof of his having given much attention to these inqniries, is Mr, Danfies, 
of Bath, whose papers on surfaces, <fee. in Ley brum's Repoiitohfy I birve 
alfeady had occasion to refey to. 
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PBOBLEU IV. 

(166.) Given the coordinates of a point cm a curve sur&ce to deter- 
mine the radii of curvature at that point 

Let (x, y, z,) be the point on the sur&ce, and (y, y, a/,) either of the 
sought points on the normal corresponding to the centres of curvatuxe^ 
then the radius R from either will be given by the expression 

R« == (x' - *)« + (y' -y )• + (V - «)*. 
Since at the proposed point the equations (1) and (3), at art (162), 
must exist simultaneously with this, we have, by substituting in this ^ 
values of (^ — x), (y — y) as given by (1), 

dy 
Now, if from (4), (5) we eliminate the unknown --, we have 

OJC 

(x-.0'(rr-0-h(^-0{(l + ^)r'-2pVV + (l+/»)n 

+ (l+/^ + O = 0, 

or, putting according to Monge 

A = (l-f/)r'-2py*'4-(l+;>'*)^ 

the equation for determining z — s^ becomes 

(z-^fy+^iz-f^ + ^^O (1), 

and the roots of this substituted in the equation 

R = (x — 0*> 
give 

R =-^ (A ± V /*« — ^g^) (2) 

• . . • \^)» 



(167.) Thus the radii of curvature are determined, and the directions 
of the lilies of curvature, and therefore also of the principal sections are 
determined by problem iii.; consequently, the radius of curvature of an 
oblique section, any how inclined to coordinate planes, any how situated 
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with respect to the sur&ce, may now be determined by help of the 
formulas (9) and (1) at pages 181 and 184. It appears from (3) 
that the sur&ce will be conyex or concave in the direction of a line of 
curvature in the immediate vicinity of the point, according as g > or 
g < O. If g = the equation (2) shows that one of the radii will be 
infinite. 

"When the functions of a;, y, «, represented by j/, q\ r', «', ^, are 
complicated^ the expressions just deduced for the radii of curvature will 
obviously be complicated in the extreme. They are, however, easily 
manageable when the proposed surfiice is of the second order, as Dupin 
has shown in his Developpements for both classes of these sur&ces. 
We shall here give the solution for surfaces which have not a centre, 
that is for paraboloids; the process for the other class, or for central 
surfaces, being exactly the same but rather longer. 

PROBLEM v. 

( 1 68.) To determine the radii of curvature at any point in a paraboloid. 
The general equation of paraboloids being 

we have 



A' ' B*-*^^ ' AB 



ar*x 1 ,, . ^\ 1 A-f B — 2s 
...* = -(!+ ^.)B-0+p)X = ==AB 

Hence, generally, whatever be the paraboloid, we have, for the coeffi- 
cients in equation (1) above, the values 

A=:_A-hB-2.,^=AB(~-f^, + l)« 
and for R we have 



^ A« ^ B« 



1 
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{ — 5 — ± V ( — 2 — ^ "■^^^(a«'*'b«"*"^^* 

The sum of the twondii are, therefore, 



but (124) the first of these fiictors is the reciprocal of the cosine of the 
iocUnatioo • of the normal at the point (x, y, z,) to die axis of z, 

••• (R + r) COS. • s A + B — Sx, 

wfaidi is the expiesnon for the sum of the projections of the radii of 
carratuie on the axis of «; A, B bdng the semi-parametos of the 
sections on the planes of jrs, yz. If ^ point be at the vertex, Aeo 
jrasO, y^O, 3=sO, and the values of R then become 

2^^2'' 2^2 

.*. R = A, rasB, 

and these are also the radii of curvature of liie two parabolic sectiooson 
the planes of xzy yz (94), so that these sections which we have alieady 
called the principal sections in the Analytical Geometry, are really tbe 
principal sections, or those of greatest and least curvature. A similar pro* 
cess leads to similar inferences for central sur&ces of the second cider. 



ON TWISTED SURFACES.* 

(169.) We have already stated (148) a twisted sur&ce to be one 
whose generatrix is a straight line moving in such a manner along its 
directrices that it continually changes the plane of its motion. 

* This is the class of surfaces called by the French Sktrface$ Gtmehttt 
and which, together with the class of developable surfaces, they include 
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The present chapter will be devoted to the consideration of this class 
>f surfaces. Proceeding from the simpler kinds to the more general, 
we shall first examine the surfeces whose directrices are straight lines as 
rell as the generatrices, then those having one of its directrices a curve, 
fierwards those having two curvilinear directrices, and lastly those 
laviDg three directrices of any kind. 

Twisted Surfaces having Rectilinear Directrices only, 

PROBLEM I. 

(170.) To determine the sur&ces generated by a straight line moving 
parallel to a fixed plane, and along two rectilinear directrices not situated 
in ODe plane. 

JLfit the fixed plane, called the directing plane, be taken for that of 
ry, and the plane parallel to the two directrices for that of xz'^ then the 
eqtiatioDS of these directrices will be 

and the goieratrix being parallel to the plane of ay will be represented 
hy the equations 

Zi=zb,yssmx-\-n , • , . (3) 

As this line has always a point in common with (1), the four equations 
(1)9 (3) ^^^ together, therefore, eliminating x, y, z, we have, among 
die variable parameters, the relation 

p=zm (ab + «) -f « • • • • (4)> 
the parameters a, a, Py being fixed by the position of the directrices, 
but the others variable. 

In like manner, since the line (3) has also always a point in common 
with (2), the four equations (2), (3) exist together, therefore, eliminating 



o)----::r"!'»M:=?''*'- •••(»)' 



under the general name of Surfaces RSglSes, expressive of their mode of 
generation by straight lined generatrices. There has just appeared, in 
Leyboum^s Repository f No. 22, a very masterly inquiry into the history 
of these surfaces, from the pen of Mr, Davies, wherein the claims of the 
English to the first consideration of "rule surfaces" is fully established. 
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Xy yy zy we get for a second relation among the three arbitiaiy parameters 

the equation 

/S' = m (a'6 -f «') -f « .... (5). 

By means of the two relations (4) and (5) among the parameters which 
enter (3), we may eliminate them and thus obtain the sought equation 
in Xy yy z. Subtracting each from (3), we have 

y — Ps=zm{x — az — «) 
y — p=zm(x — a'x — a'), 

eliminating m we obtain^ finally, 

(a — a') yz^(a — a) y -f (afp—al3)x -f 03'— i3)x=*)3'— a'/3.,..(6) 
for the equation of the surface, which is therefore of the second order. 
Let us now inquire what particular kind of surfaces of the second ordertiiis 
equation includes. By applying the criteria (3), p. 292, Anal. Geom,yif% 
find that the sur&ces are not central, they must, therefore, be paraboloids. 
By putting xszA; we find in the resulting equation for any section 
parallel to the plane of yzy that the squares of the ranables are absent, 
therefore, Anal, Geom. p. 166, these sections are all hyperbolas. We 
infer, therefore, that the surface (6) is always a hyperbolic paraboloid. 
If in the equation (6) we make z equal to any constant quantity, the 
equation will always be that of a straight line, being indeed necessarily 
one of the positions of the generatrix; also, if we put y equal to any 
constant quantity, we find that every section parallel to the plane of xz 
is a straight line, so that through every point on the surfece of a hyper- 
bolic paraboloid there maybe drawn two straight lines, their assemblage 
constituting two distinct series situated in two distinct series of parallel 
planes, and hence there are two distinct ways in which the sur&oe may 
be generated by the motion of a straight line, but not more than two 
ways, since the equation (6) represents a straight line only on the two 
hypotheses assumed above ; and as no two of the positions of the same 
generatrix, however close, can be in the same plane, the hyperbolic 
paraboloid is a twisted surface, 

(171.) We may show at once by setting out with the equation of 
the hyperbolic paraboloid, that two straight lines pass through every 
point on its surface, and, moreover, that these lines are both in the tangent 
plane at that point. Thus the equation of the surface is (Anal. Geom, 
p. 266,j 

px^ — p'y^^:^pff% .... (1), 



THE DrFFERENTIAL CALCULUS. 195 

:.id that of the tangent plane through {sf, %fy /,) 

2pix'— SpVss/Tj'Ci + O .... (2), 

.le Tdatkm among the coordinates sfy y^ 7fy of the point of contact 
imD% of course 

p3f^--'p'y'*^=:pp'z* .... (3). 

kdding together equations (1) and (3), and subtracting (2) from the 
he sum, there results 

;>(*— *')'-/(y— 2/')»=0, 

jAiich is the condition necessary to be satisfied for every projected point 
^^y) common to the surface (1) and the plane (2), seeing that it has 
ipmlted from the combination of their equations. Such condition being 
WBtJgfied by every point in the lines represented by the equation 

it follows that the lines of which these are the projections are common 
to bodi sm&ce and tangent plane, so that the tangent plane cuts the 
fm&ce according to two straight lines passing through the point of 
cxmtact. 

PROBLEM II. 

(172.) To determine the sur&ce generated by the motion of a straiglit 
Hd^ along three others fixed in position, so that no two of them are in 
the same plane. 

Let us first consider the case in which the three directrices are all 
parallel to the same plane. 

Assume the axes of x and y in this plane passing through one of the 
directrices (B), and parallel to the other two (B'), (B''). Let the axis 
of X coincide with (B), and the axis of ^ be parallel to (B'), and let the 
axis of « be drawn to pass through both (B') and (B"), then the equa- 
tions of the directrices will be 

(B) y = 0, 2 = 

(B') zr = 0, z = A 

(B*) ysscue, z = A: 

and the equation of the generatrix in any position will be 

x=zmz -^p, y^:snz -\-q .... (1). 
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As dM line bu almT* ■ point in common widt the 
tbcae equuku «xiit together. Hence, rtiminatpig s, 
unong tbe variable pMameten m, n, j>, f, the lelatioDs 

^ = a,mM+p = 9,nk = <,Cm*+p) 

Filin''™"i"g tbe variable panmeten fiom (1) and (3), « 

a(* — *)it = jty(. — ft) 
for llie equation of tbe >ur£iice wuglit, and which we fii 
die nme tests as in lait problem, to be the same soiftce 
bolic paiaboloid. 

(1T3.) Sappooe, now, that Ae duee directrices are n 
tbe same plane, fcen, takii^ any point in space for 
paiallelt to die dn«ctrices lor axes, the equati<»is of the: 

(B) . = ., y = fl 

(B-) . = 7, i=. 

(B') , = ^,«=/ 

and the etjuatiDn of die graieiatrix will be 

x = na+p,y = ii% + s ....(!>, 
which, since it has a point in common with (B), gi 
condition 

^=fci....m. 

and having, at the same time, a point in common with (1 
in common with (B*), we have the additional ecMiditioDS 

■'='»y+/'.^ = «T + ? ■ • • • (8). 
Eliminating now the aibitraiy parameters m, n, p, g, by 
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for the equation of the surface. By applying the usual criteria, (Anal. 
Geom. pages 292, 294,^ we find that the surfeice must be ahyperboloid, 
and as the squares of the variables are all absent from the equation, no 
intersection (AnaL Geom. p. 281^ can possibly be an imaginary curve; 
hence the sur&ce must be a hyperholoid of a single sheets and it is 
obviously twisted, since the generatrix constandy changes the plane of 
its motion. 

(174.) We may, as in the preceding problem, by commencing with 
the equation of this surface, show that through every point on it two 
straight lines may be drawn, and that they will both be in the tangent 
plane through the point. Thus the equation of the surface is 

^+-j^"— ^ — 1 • • • • (l)» 

and that of the tangent plane through (/, y, sf) 

XX* y\f %z* 

^ + •^ + ■^ = 1 • • • • (2)> 



the relation among x*, y'^ z'^ being fixed by the equation 



^a +15 — Tj — 1 • . • . (3). 



Adding together equations (1) and (3), and subtracting twice equation 
(2) from the result, we have 



a* "^ 65 ? — ^ • • • • 



(4)i 



a relation which must have place for every point common to both the 
sur&uie and the tangent plane. 
Also, subtracting (3) from (2) 

xjx^) y(y-i/) ej^-^z') _ 

J5 + ftS ^ " • • • • W- 

Now, in order to ascertain whether the points fulfilling these conditions 
can lie in a straight line, let us combine them with the equations of a 
straight line through {x\ y, e',) viz. 

a; — x' = a'(x — 0»3/— y = *'(2 — O • • • • W« 
Substituting in the equations (4) and (5) these expressions for x. — sf, 
y — y, we have, ^ 

s2 
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o'y fc'v' »\ 

-I 2 BsO 

a« ^ 6« c» 

these relations, therefore, must exist among the constants in (6), for it 
to be possible for that line to belong to the sur&ce. From the second 
of these we readily deduce a rational value of a*, which, substituted in 
the first, h' will be given by the solution of the quadratic, which will 
furnish two values, so that two fines passing through the point of 
contact may be drawn, that shall be common to both die sur&ce and 
the tangent plane. 

Twisted Surfaces having hut one Curvilinear Directrix, 

(175.) In surfaces of this kind the generatrix moves along a straight 
line and a curve, remaining constantly parallel to a fixed plane called 
the directing plane. Such surfaces are called conoidsy and that they 
are twisted surfaces is plain, because a plane to pass through two 
positions of the generatrix must pass through the rectilinear directrix, 
and become, therefore, fixed, so that it cannot be moved round one 
position without ceasing to pass through two. The directing plane is 
usually taken for that of ry, the origin being at the point where die 
straight directrix pierces it. 



PROBLEM III. 



(176.) To determine the general equation of conoidal surfaces ; 
Let the equations of the straight directrix be 

xszmz', yssm ....(]), 
iind those of the curvilinear directrix, 
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F(r,y,i) = 0,/(d?,y,O=0 (2). 

.lie equation of the generatrix, being in every position parallel to the 
4ane of sy, must always be of the form 

x = «, y = /3arH-7 .... (3), 

I and /3 being variable parameters. 

As this line has always a point in common with the line (1), their 
aquations exist together; hence, eliminatiiig Xy y, z, by means of these 
fimr equations, we have the condition 

na^ssPnia-^-y Of y:=na — fimm, 

io diat the equations (3) of the generatrix become 

s^:za,y — naz^fi{x — iw*) .... (4)} 

Imt this same line has also a point in common with the curve (2); hence, 
^aMminaring x, y, 2, by meaus of the four equations (2), (4), we have an 
equation containing only constants and the variable parameters «, (3, 
which equation, scdved for «, gives 

a = 0!/3 • . • . (5). 
But, by equations (4), 

a =1 S, p = ) 

X — ms 

hence, by substitution in (5), 

2= A (-2 ), 

X — mz 

which expresses the general relation among the coordinates of any point 
of the generatrix in any position, therefore this is the general equation 
of a conoidal sur&ce. -^fj^ 

(177.) If the straight directrix coincide with the wiPof z, then 
m = 0, n = 0, and the conoid is represented by the general equation 

X 

whether the axis of ?, or the straight directrix, be perpendicular t6 the 
directing plane or not; if it is perpendicular, the conoid is called a 
right conoid. In these cases the equations of the generatrix are simply 

(178.) As an example, let it be required to find the equation of th^ 
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inferior sorfiice of a winding staiicase, Ihe aperture or column lound 
which it winds being cylindricaL 

To conceive the generation of this sur&cey let as suppose a ieel> 
angle to be rolled round a vertical column^ which it just embraces, dK 
line whidi was the diagonal of die rectangle will then become a windiii 
curve called a helixy and it will make just one turn round the cofauB, 
its horiiontal projection being a circle ; if immediately above this another 
equal rectangle be applied to the colunm, the vertical edges win 
brought together being in a line with those of the first, the diagonlof 
this will form a continuation of the helix, and in this way ifiU Ik 
eihibited die trace of the edge of the surfiu^ in question on the vertkal 
column^ or the curvilinear directrix; the other directrix is the axis of 
the cylinder, the directing plane being horizontal. 

Now for every point in the dii^ponal of a rectangle die abscissa lai 
a constant ratio to the ordinate, die axes being the sides including the 
diagonal, so that, reckoning from the foot of the helix, the dicobr 
abscissas and vertical ordinates corresponding are in a constant ratio. 
Hence, taking the centre of the cylindrical base for the origin and 
dravring the axis of y through the foot of the helix, calling h the height 
and 2irr the base of one of the rectangles, or of the cylinder, we sfaaH 
have, for each point of the helix, these relations, viz. 

«* + y'=r«,x = r8imy, --.= ^— .... (1), 

and finr the generating line the equations 

z = «, 3^=/3f . . • . (2). 

If fiom the two last of (1) we eliminate the arc < we shall have the 
following equations of the projections of the curve 

x+y« = r«, « = r8in.(-^) .... (3), 

eliminating jt, y, Zy from the equations (2), (3) we have 

=:8in. (2ir-^), 



y 

in which equation if we substitute for a and /3 the values z and - given 
by (2), we shall obtain, finally, 
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Bin. (2ir --) or — sstan. (8t4-) 



^prfiich is the equation of liie suifibce, that is of the twisted helitoid, 

(179.) It remains to detenmne the difierential equation of conoidal 

sur&ces. In order to this we must eliminate the arbitrary function f 

in the equation 

,y — ns. 

4P-— WW 

by diffoentiationy as in the several similar cases in chapter II., we 
thus obtain tiiie equation 

y _ j/(iiiy — wp) — (y— ng) 
^ q (my — iwr) + (« — mx) 
which reduces to 

y (« — mx) + y' (y — *w) = 0, 
or when the conoid is right simply to 

because then m =0, n:= 0. 

(180.) The same results may be at once obtained from the conside- 
ration of the tangent plane; for (y, y^ s^,) being any point on the 
sur&ce, the equation of the tangent plane is 

s~f'=:p'(x-0 + y'(y-y), 

which touches the sur&ce along the generatrix through (^, y, 2/), and 
this being every where at the same distance sf from the horizontal plane, 
it follows that if in the above equation we put z^z* the result 

;/(«-/) 4-y'(y-y')=o 

will express the relation between the x, y of enery point in this generatrix. 

But at that point where it cuts the straight directnx^ the Xyy have the 
relation 

X = mz', y = n%*y 

so that, by substitution, we have 

ff ems' — a?') + / (««' —y') = 0, 

for the relation among the coordinates of every point (af, y, z',) on the 
sur&ce, which agrees with that deduced above. 
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Twisted Surfaces having Curvilinear Directrices only, 

(181.) We now proceed to consider tiiose sui&oes which cannot have 
m rectilinear directrix, or rather tiiose whose directrices may be any tines 
whatever. We shall first suppose two directrices. 



PROBLEM IV. 

(182.) To determine the general equation of sur£au;es generated by a 
straight line which moves along any two directrices (D), (jy) whatever, 
and continues at the same time parallel to a fixed plane. 

Taking as before the directing plane finr that of xy, the equation of 
the generatrix in any position will be 

the parameters all varying with the varying positions of the generatrix. 
Let now the equations of the two fixed directrices be 

(D) F(«,y,2) = 0,/(x,y,0=0 (2) 

(D') F,(x,y,s) = 0,/i(a:,y,s) = .... (3.) 

Then the condition is, first that the generatrix meets (D), or that their 
equations (1), (2) exist together; hence, by eliminating the coordinates 
of the common point firom these four equations, we shall obviously 
obtain an equation containing only constants and the variable parameters 
a, Py y, that is to say, we shall obtain among these parameters a relation 

Proceeding in the same manner with the equations (1), (3) which also 
exist together for a certain point, we obtain a second relation 

^(«,/3,7,) = 0. 

By means of these two equations we may eliminate any one of the 
parameters; therefore, eliminating first y and then (3, we have 

hence, substituting for these variable parameters their values in fiinctions 
of the variable coordinates as fiimished by equation (1), we have, for the 
general relation among these coordinates, the equation 

ay = p:z + ^'X .... (4), 
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This then is the general equation of all sur&ces generated as 

unounced, ^irhatever be the form of the directrices; when these forms 

.oe given, the forms of ^ and ^ become determinable by the above 

mooBSS, and then the general equation (4) takes the particular form 

')d0iiging to the individual sur&ce. 

(183.) Let us now determine the general equation of these sur&ces 
n terms of the partial differential coefficients. Putting the equation 
^4) in the form 

"^die latio of the partial coefficients of each side, taken relatively to x nd 
-y, will, by the principle in (58), be 



-!^—z=^, that is, ^=: — *;«, 

1 V 9 



an equation from which the arbitrary function yl^.z is eliminated. 
Applying the same principle to this last equation we have 

X y ^P 



dx ' dy q' 

that is, putting according to the usual notation 

dx * dx dy * dy 

whence 

an equation from which both the abitrary functions are eliminated, and 
which must be fulfilled for every point in every surfece generated as in 
the problem, whatever be the directrices. We see that as two arbitrary 
functions were to be eliminated, the process led to a partial differential 
equation of the second order. 

PROBLEM V. 

(184.) To determine the general equation of surfaces generated by 
the motion of a straight line along three curvilinear directrices (P' 
(DO, (D*). 



1 
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We shall first remark that ihe motion of die generatrix is entirely 
governed by these oooditioiis, for if we take any point on the first 
directrix (D) and conceive two cones whose bases are (D'X (D^ to have 
this point for their coounon vertex, these cones will obviously intersect 
each other in all the straight lines that can be drawn firom the point to 
^ carves (IX)* (D^ ^ positions of these lines are therefore fixed by 
these intersecting cones, and tfiese are fixed by their bases; hence, all 
the lines that can be drawn from the point to the lines (!>), (jy) are 
determinate both in number and position, this being true for every 
poiDt in (D), it follows that the siu&ce generated by all these lines is 
determinate, and it is now required to find its equation. 

As there is here no directing plane the equations of the generaitrix in 
any position will take the form 

x=s«»-fr*y=i3i4-^ .... (1), 

and, since it always has a point in common with (D), we may eliminate 
by means of the equation of (D) combined with these, the coordinates 
of that point: the result will furnish a condition among the variable 
parameters. In like manner, employing the equation of (D^ we shall 
arrive at another equation of condition, and, lastly, the equation of (IK) 
will furnish a third equation. By means of these three equations any 
two of the parameters a, /3, 7, ^, may be eliminated, and we shall obtain 
three equations of the form 

substituting these expressions for /3, y, S, in the equations (1) we have 

two equations which have place for every surfece generated as proposed, 
die functions which fix the directrices being quite arbitrary. If these 
functions are known, or the directrices fixed, we may then eliminate the 
parameter a by means of these equations, and thus deduce the equati(» 
of the individual surface, but the general relations among the coordinates 
for all the surfaces of this family can be exhibited only by means of two 
equations as above. The general relation among the partial di£^ntial 
coefficients belonging to all this family of surfibces may, however, be 
ascertained in a single equation by eliminating, as in last problem, all 
the arbitrary functions by successive differentiation; this will lead to a 
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partial differential equation of the thiixl order, for which see Mongers 
Application de V Analyse d. la Geometrie, p. 195. 

(185.) We shall terminate the present chapter with the following 
example: 

On the opposite sides of the hori- 
zontal parallelogram AB DC are de- 
scribed two vertical semicircles, and 
perpendicalar to their planes is drawn 
ibe straight line OY through the 
centre of the parallelogram; taking 
this straight line and the two semi- 
circles as directrices, it is required to 
find the equation of the surface gene- 
rated by a straight line moving along 
them. 

Let the axes of coordinates be the 
perpendicular horizontal lines OX, 
OY, and the vertical OZ, then the 
equations of the three directrices 

wiUbe 

x=sO, » = .... (1) 

y = — J, (x— o)«H-«» = r* .... (2) 

y= + i, (ar + a)» + 2' = »^ .... (3). 
The equations of the generatrix, since it always passes through a point 
(j3, 0, 0) in the axis of ^, will take the forms 

x = *(y — jS), « = y (y— /3) .... (4), 

and the condition to be fulfilled by this line is, that it rests on each of the 
semicircles ; or that at certain points, x, y, z, are the same in the equations 
(2), (4) and (3), (4) ; hence, eliminating these first from (2), (4), and 
then from (3), (4), we have these relations among the variable parameters, 

viz. 

{«(& + i3) + a}« + y«(6 + i3)« = r« .... (5) 

which, by subtraction, give 

' P (6*9 -h fl« -f */3«) = 0. 

This condition is satisfied by the value /3 ^ 0, but this is not admissible, 
since it would restrict the generatrix to pass always through the origin, 

T 
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P 



and baf« no motion along OY; hence, difiding by -^ , we have the n 
lation 



+ y» + -=0 



• • • 



(?)• 



between the panmeten «, y. 
Snbftttntiiig the valae of 7*> given bj this equation in (5), ft bettMM 

(61 — ^a« = 6(r« — a«) .... (8), 

and by neanB of theae equattonsy together with those of the genentai 
we may leadily eliminate the parameters; thus the faloes of « and 
giten by (4), aie 

X z 

and these, sabstitated in (7), give 



*r 



y-P 



::=y + K^±i!)....=. 



ax* 



• ax 4(«*+s*) 

and finally, these substitated in (8) give ^r the swfiaoe the eqifltiw 

which is the same as 



i-^O. 



• f r II 



CBi^WBib 



ON DEVELOPABLE StftlFACES AND ENVELOPES. 

(186.) When in an equation between three variables 

F(it,y,f)«) = (S 

there enters an arbitraiy constant «^ that equation^ by giving diffa 
values to «, will represent so many different sur&ces all belcmging 
the same family. If we fix one of these by any determinate value o 
another, intersecting thisy will be rei»e86&ted by chaaging h into « H 
h being sbne fiaile talire. If h\it ram cimtintt^idiiiixtalBhed, 



i^tersecVOQ will cooliauaUy v^iy^ and wiJil bopoaie fixed wAy ivibes^^ 
mr)RQg suf^ls^ becQugtes poiacideBt with ^ fu^ sm^^. Jil IMs 
positjOQ this in^teraection is said to bek^ig to <sonseputWe sMJ^&ces, ax)d 
it may be determined both in form and position by a process mvi^f 
to that eijapk^ at (105). Thus « b^ins^ 1^ pidy yariable con^^med 
in tlie ioit^aec^oins, w^ )>av% by T^yltopr's ^{leiEMr^aiy 

hence, when the sur&ces are conseeutiTe, that is, when AssO, we have 
the following equaticyis for determii^ng the cxave of intersection, viz. 

cg(^>y>«>>) _n J • • • • (^)» 

these, therefoie, ase the ecpiationt of the einve, whi^ 13 the intersection 
of the sur&ce (1) with its ogtnseeutive sui^iaiee. 

If fiom these two equations we elk^ii^te 4, the result ymU be the 
general relation among the coordinates of every point in every such 
consecutive intersection throughout the whole femiiy of sur&ces, this 
resulting equation will therefore represent the sur&oe which is the locus 
of all these consecutive intersections. This locus, moreover, touches 
each of the variable surfaces throughout theif intersections^ £>x diffe- 
rentiating the equatipn F == of any one of the variable purfi^ces, « being 
constant, we l^ve 

rfF . rfF ,_^ 4F ^ dF ,_- 



dx if ^ dif d% 

and, differentiating the equatioi^ fs^Q of the locus, a being variable, 
we have 

dF . d¥ , , rfF da ^ dF , dF , . dF d<, ,^ 



dx dz da dx d^ dt ^ da dy 

whicb eqiidtieqs m id^tical to those above, s^l^ce 

dF 

and therefore each pair give the same values for ff and f, eonsequently, 



i 
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at the points common to both sor&ces they hare common tangent planef . 
Hence the locus of the consecutive intersections tonehes, and envelopes 
all the variable sur&ces ; it is, therefore^ called by Monge the Envdope 
of these surfeces. 

(187.) If the envelope be formed by the consecutive intersections of 
planes, then, since from what has been just proved, the envelope is 
touched throughout each of the intersections by the corresponding 
plane; this envelope is such that the tangent plane at any point touches 
it throughout, the rectilinear generatrix passing through that point; and 
this is. the characteristic property of a devdapable surface: hence a 
developable surfaice may be considered as the envelope of a fiunily o! 
planes represented by the general equation 

f = Ax-f By + D .... (IV 

in which there enters a variable parameter «. 

Now, to introduce this variable parameter in the most general manner 
possible into the equation (1), we ought to consider each of the coeffi- 
cients A, B, C, to be functions of it, so that the general form will be 

and therefore the line of contact (186) or generatrix of the sur&ce will 
be represented by the equations 

When the forms of the functions^ 0, yj/, are fixed, the variable parameter . 
a m!^y be eliminated, and the resulting equation in x, y, z, will be that 
of the individual sur^e to which these particular forms belong. The 
equations (2), therefore, may be considered as representing the whole 

* Monge says the general equation may always be put under the form 

which, how<ever, seems to be incorrect, since it excludes those of the 
family comprehended in the equation 

and which evidently generate conical surfaces, whose vertices are all on 
the axis of z, at the distance c from the origin. The form in the text 
includes this class of equations, for /a may be constant without causing 
^ or rpa to become so. 
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ir.0fy ^ibete mufeees, a in Ihe tot being a functicm of # and y, implied 



„ i(li§.^ 1. As m example, tuppose it wera required to detenniBe the 
iw ioprtle surface generated by tbe intersection of normal planes, at 
mKj point in a curve of double curvature. 
Bcf^neaenting the proposed curve by the equations 

[[ y=Fx',«'=c/r' (1), 

equation of tiie normal plane will be (129) 



:' — ''+-^(y-!/') + ^(«-0«o (S). 

..^1 which the only variable parameter is x'; y' and % being determinate 
anctions of it given by the equations of the curve. Hence, differentiating 
rith respect to x\ we have 

' ffow tiie functicms of ts, which enter the equations (2), (3), being given 



t- 



Tfjf (1 ), we may eliminate this paiameter from itiem, and the resulting 
^aquation in x, y, z, will be that of the developable surface required. 

(199.) 2. As a second example, let it be required to determine the 
lilsfelopable surface which touches and embrace two given curve surfacjss. 

If we suppose one of these surfaces to be a luminous surface enlight- 
ening the other, the surface which we seek will obviously embrace all the 
«gra wliich proceed from the bright surface to the dark oi\e, and the curve 
^UliiP^lRQtrpn this latter, will separate the illuminated and dark parts. 

JLet the equations of t|)e two g^ven surfaces be 

Fi («^i* Pv ^i) F=Q, F, (x^ ya, g,) =0 . . . (1), 

tiMn the equations to tangent planes to each will have the form 

« — 2i,=;?j(a? — a:,)+5ri(y— -i/i) ... (2) 
and 

z — s,=;ia(x — j2) + y3(y — y,), 

and for these planes to belong to both surfaces, their equations must be 
identical, that ^, we jtnust have i}ie conditions 

Pi=P2y 9i=99 ' ' • (3)> 
2i— i^i^i — 913/2 = 22— /'a ^a — ^aya • • • (*)• 

By means of the aix equations marked, five of the .coordinates may be 
determined in terms of the sixth, x j hence, if these functions of x, be now 

T 2 
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•obstitiiled for their viIiim in tlie remainiiig equation, we shall olftaii 
ntolt containiBf only the ¥uriable parameter x„ and which will cm 
qiWBtly l e p few B t the fiunilj of planes wiiich gei^eratetbedeidopaUeii 
faoeaonght. CaUing thii remit P = 0, the generatrix of the nifMei 
he gifen hf the eqnationa 

ffooi which, eliminating x^, we haTe the equation of the surface songfa 
and thia eqnatkMi, combined with that of each surfBce separately, i 
give the two carves of contact. 



PROBLEM. 



(190.) To detenmne the differential equation of developable sui£i 
in gennal. 

The general equation of the generating plane, arranged according 
the Tariable coordinates x, y, x, of any point in it, is 

t=/x-|-^3f + i'-J>V — yy . . . (1), 

and this plane remains the same for every point in the geneiatzii] 
well as for the pcHnt (/y y% s^y ^ ^^ ^^ quantities 

y,^,!*-/*'-^/. . . (2), 

remain constant, aldioagh sfy y, z', all vary, provided this variatio 
confined to the rectilinear generatrix, for which y is always a fiiDc 
of X, but not else ; hence, the conditions which restrict the point /, j 
to the generatrix on which it is first assumed, is, that the di£krei 
coefficients derived firom (2), y being considered as a function of j, 
aH 0, and it is plain that if any two be 0, the third will be a 
hence, differentiating the two first, we have 



iy 



r- + »' ^=0, and J* + /'^ = 0, 
ax ox 



where -r- fixes the position of the rectilinear directrix for which the 

pressions (2), remain constant. Eliminating, then, —-, we obtain 

following equation, which must hold for every directrix, viz. 

rV — *'» = . . . (3). 
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This, therefore^ is the equation which the differential of the equation 
of every developable sur&ce must accord with; or, in usual terms^ it is 
the difierential equation of developable surfiaices in general. 

(191 .) We shall exhibit another method of obtaining the equation (3), 
from the general equations (2), art. (187), Differentiating the first of 
these, in which a is a function of x and y implied in the second, we 
have the two partial differential equations 

''='^'*^ + *' + '*'• Tx-^^'^i 

but, in virtue of the second of the equations (2), these become 

consequently, p' must be a function of 9', and may therefore be repre- 
sented by 

Eliminating now the arbitrary function ir by differentiation, as in (58)^ 
we have 

as before. 

(192.) We have as yet considered only the simplest class of sur&ces, 
whose intersections, with their consecutive sur^tces, are given by the 
general equations (1), art. (186), viz. plane surfeces, the intersections 
being straight lines. It is obvious, however, that whatever be the sur- 
faces, the intersections are still given by the equations (1), and the en- 
velope of these surfaces, found by eliminating from them the arbitraiy 
parameter «. This parameter, however, may enter the equation of any 
paiticular family of sur&ces in an infinite variety of different forms and 
ways ; it may enter into only one of its terms, or be combined with 
several ; a simple power only of it may enter, or a complicated function, 
and stiU, entering only as a parameter, the general equation, under all 
these changes, will still preserve the same character, and represent but 
one family of surfaces. With the envelope, however, it will be different ; 
this depends as well on the arbitrary parameter, as on the variables 
which enter the general equation, since the value of this parameter must 
be found from one of the equations (1), in terms of x, y, z, and this 
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value fubttttuted in die odier for ike equetioii of 4he eovdope. Never- 
iheleM; linoe, ai just observed, the kidividaalsQffiuieB n^pMeentedliytlie 
two equations (1), for every paiticidar value of tbe paianeler in wfaal- 
ever form it mi^enter, is always of the same degree, it follows ^bat each 
individual interBeotioo (1), will uniformly be aourve of Uie e^ne order, 
and which will change its order only when Ihe order of tbe suifiwe 
changes. This ciurve of intersection, <Nr of contact, eomnNm to all fhe 
envelopes of the sam^ fiunily of sur&ces, is caUed, by Monge, the cAa- 
racterUtic. 

Considering any of the characteristics (1) separately, vre may inquire 
what are the points in which it is intersected by the consecutive chaiac* 
teristic; and die mediod of determining tiieae intersections isanalogou* 
to that already explained in (105) and (186), that is, we must combine 
with the equations (1) of this curve their differentials taken nH^tivfltj 
to a ; hence, the consecutive intersections for any particular position, 
of the characteristic, will be determined by the equations 



rfF 

= 



da 
rf»F 



= 0, 



each of the^ sep^r^ly ^rei^nt a snr^tc^, ^y two tog^A^ a line ccjoi- 
mon .tp both, and ?J1 tbree the point ^r points gggnmpn to tb)^ int^isQCr 
tion» ft being ^nsider^d constant* By giving tjiese thc^ equations for 
X, y, and s, we sbaU pbviou^y obtain known values for ^ coordinates 
of the points of iata^sgctien required; whlQh pf iOOVl^ ase all situated 
on the envelope. 

Now, if frcMn the iJ^s^fi eqnatiOiijS above? we (iliininf^te 4;^ we ihgU 
have two equations in J?, y, £, existing .togettitoy whyi» beuig ^ j^anie 
fpr the intersectipns pf ev^ry p£ur of fpnseouU^ <d;MU$Lct#ns^cs, mnst 
represent the I^qmus cf thcKse intei]^e!Cl;i<mS9 aod be situated ou the <^ve- 
lope. Jt will (bQref<gHre be a ]iine which tondie^ :9Lnd encompasses all 
the charactenstic3, -in the same o^aLOner as the fpvelope tou<[^t^ and 
embraces all the enveloped sur&ces. Jt must then form an edge pf the 
envelope, or the line in whi(^ its shieets terminate, and it is dieiefore 
<;alled, by Monge, the edge of regremon of the envelope. In the 
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developable sur&ces, we have seen that the characteristic is a straight 
line, and the consecutive intersections of the characteristic^ in every po^ 
sifion^ obviously form the edge which limits the locus of the characte- 
risticsy that is, the developable sur&ce. 

The consideration of envelopes, characteristics, and edges of regres- 
sion, have been successfully employed by Monge, and succeeding 
writers, to remove several difficulties in the higher departments of the 
integral calculus, that do not appear to be otherwise clearly explicable; 
but it would be out of place here to do more than to hint at the im- 
portance of these researches; to pursue them to their fullest extent the 
advanced student must have recourse to the profound work of Monge, 
before referred to, viz. Application de V Analyse d la Giom^trie. We 
shaU conclude the present chapter, with one example on the determina- 
tion of the envelope. 

(193.) The centre of a sphere of given radius moves along a given 
plane curve, it is required to determine the surface which envelopes the 
sphere in every position. 

Let the equation of the given curve, along which the centre moves, be 

j3 = 0a . . • • (1), 

so that for every abscissa a of this curve, the ordinate corresponding will 
be 0a \ therefore, the variable coordinates of the centre of the sphere are 
a, 0a ; hence its equation, in any position, is 

(x — «)«+(y — 0«)* + «' = '^ . . . (2), 
hence the equations of the characteristic are, 

(x-a)« + (y-0«)' + s'='^i 

The last equation is that of a plane, passing through the point (a, 0a), 
or centre of the sphere \ it is, moreover, perpendicular to the tangent to 
the curve (1) at this point, for the equation of this tangent is 

(j3' — i3) = 0'a(0a'-0a), 

and that above is 

1 / 

y — 0a = — --7-(x— -a), 
a 

SO that whatever be the form of 0, the characteristic is always a great circle 
of the moveable sphere, of which the plane is normal to the curve. The 
qpecies of the curve which is the characteristic, being, however, constant. 
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ON CURVES OF DOUBLE CURVATURE. 

(194.) In the preliminaiy chapter to the present section, we 
gated the expressions for the tangent lines and nonnal planes t 
curves; we shall now discuss their general the(ny. As, however 
course of this discussion, we shall sometimes have occasion to ( 
the differential expression for the arc of a curve of double cui 
we shall commence by seeking the form of tjbis exproMticm. 

(195.) We know that the projecting surftce of weary eune of 
curvature, is a cylindrical sur&ce, (see Anal, Geom, p. 311,) i^ 

3 
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fore, this eylincbdcal turfeoe be devebped, the eurv« widl become pt^De> 
and its length will be unaltered, and te cvecy^steu base of the piojed- 
ing cylind^ which we slnll hexe suppose to be veiticsd, will become a 
stra^ht line on tbe plane <^ry ; henceiy for the plane cvatve rel^nred to 
this straight line t, and the axis of s, we shall have (86) the expression 

but t being itself in reality the arc of a plane curv^ we have 

(dty=^idzy + (dy]s 

hence, by substitution, 

(dsfm:(dxy-^(dyy^iizy^, 
vAdch in ti<b difl^HNial estpression required. 

Osculation of Curves ^ Double Curvature, 

(196.) Let 

y=/c, s = F« . . . . (1), 
and 

Y^\l/x,Z:=^af .... (2), 

be the ec^uatibris of two curves of double curvature, or rather of the 
projections of these curves on the planes of jn^, xz. Then, if we con- 
sider the constants a, fr, c, &c. which enter the first pair of equations 
as known, and the constants A, B, C, &c. belonging to the s^CCfod 
pittr as ^iMtralry, these latter may be detemiiaed so that the our«)e to 
which they belong stay touch the proposed or fixed curve (1), in aity 
given point, more intimai^ than any other curve of the ^oiily (22). 
For, giving to x any increment, A, we have, by Ta^lcMr's theorem, 

«'=;« 4-^ h 4- --^ — — - 4- <fec. 

and it has been shewn, (87), that if the constants which enter the first 
of the equations (2), be determined, all of them firom the conditions 
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SO that the equations (1) of the tangent, through any point {af^ y, t*\ 
are^ 






• • • • (2S )• 



PROBLEM 1. 

(198.) To determine the osculating circle, at any point in a curve of 
double curvature. 

In finding the osculating circle, at any point of a plane curve, we 
had, of course, the plane of that curve given, but, in the present case, 
we have to determine both the plane of the circle, and its radius. Now 
let us suppose that r is the radius of the osculating circle, and «, )3,' y, 
are the coordinates of its centre, then it is plain, that the circle vnll be 
a great circle of the sphere whose equation is 

(x~«)«+(y-/3)« + (s^r)' = J-' (0, 

and since the plane of the circle passes through the point (a, /8, y,) its 
equation must be of the form 

X — a-\-m{y — /3)+«(z — c)s=0 . . . . (2), 

These two equations, combined with those of the proposed curve, give 
the values of x, y, %, common to all, and therefore belong to the point 
where the circle (1), (2), meets the curve. We have, therefore, to dif- 
ferentiate the equations (1), (2), successively, and to consider, agreeably 
to the conditions (3), (4), art. (196), that the resulting differential co- 
efficients belong as well to the proposed curve at the point, as to this 
circle. For contact of the first order we have 

(x — «) + (y-i3) ;?'-}. (z-c)y' = (3), 

1 -f-?w;>'-|-«^ = .... (4), 

and for contact of the second order we have, in addition, 

i+;^'' + y'»+/(y-/3) + /(*-r) = o (5), 

w;>'-^-w/ = .... (6). 

All these six conditions, therefore, must exist for the contact at the 
point (x, y, «,) in the proposed curve to be of the second order ; and as 
the equations (1), (2), of the touching curve, contain six disposable con- 

u 
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ftntt, vn. ■, A r, r, a, *, ill Hiwt ooDdttkns m^ be ii 
more ; hence, the circle, detemuDed agreeably to these c 
toudi the piopoted curre more intimately than any olfa 
will be the otfoiiatmg tirtU. From equatioas (4) and (I 






hence, the three cooditioiis (3), (4), (6), deteimiue the p 
cuUting circle, and which i* called the oiculaling pUa 
proposed point (x, y, >.) EquUioD (7) then represents 
Forthecoordioaiesof the centre of the osculating circle 
equations (1), (3), (3), 

M '' f^ H ' ' 

where M is put for the expression 

Substituting ilieae values iu (5) m have, fur the radius of 

a+r-+^)M 

l.'—Ol'-O'-lOf 
Hence, pnuiug for n aud n tlte values abeadj deduced, 
lldilt the value of MfVre have 
. , (!+?'• + <•')' 
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(199.) T^e expression for r may be rendered more general^ by con- 
sidering the independent variables as arbitrary; in which case we 
have (66), 

_ (cPy) (dx) -- (d»x) (dy) .,_ (dh) (dai) — (tPx) (d%) 

Also (195) 



^ " {dxy '^ " {dxf 



(^)«^*+^ +^' 
hence, making these substitutions in the above expression, we have 

^^ (^ 

>/ {(AO (4%) — (<^) (d8x) ^ * + (ib) (<ftc) — (dx) (^a«) ^ • + (<^) (*««)— (ill) ((P,) ^ '} * 

(200.) If it were required to determine the circle having contact of 
the first order, merely with the proposed curve, only the conditions 
(1), (2), (3), (4), must be satisfied ; the conditions (2), (4), determine 
the plane of this circle, that is the tangent plane, but as the condition 
(4) leaves one of the constants ira, n, arbitrary, the tangent plane is not 
.fixed, but may take an infinite variety, of positions; but as it must ne- 
cessarily pass through th^^ lineajr tangent, which is fixed, it follows that 
a plane through this, and revolving round it, is a tangent plane in every 
position, in one of which it touches the curve with a contact of the 
second order, and thus becomes the osculating plane. 

(201.) There is another m^^od of detevmining the equation of the 
osculating plane, very generally employed by Trench authors; they con- 
sider a curve of double curvature to have, at eveiy point, two consecur 
five elementSf or infinitely small contiguous arcs in the same plane, but 
not more, the plane of these elements being the osculating plane at the 
point. The process, then, is to assume the equation of a plane through 
the point 

* — a?'-f m(y--y')4-«(2 — 2')=:0 .... (1), 

and to subject it to the condition of passing also through the points 

(* 4- rfy, y' + rfy', jT + rf/), 

and 

y 4- 2ds 4- d^a, y' + My' + rfy, »' -f- 2d%' + d*«'. 

Such a process, the student will at once perceive to be exceedingly 
exceptionable; for besides the vague notion attached to the infinitely 
small consecutive arcs, the expressions x -^ dx, y + dy, and the like, 

3 
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mean no more in the language of die <2i/feneii/ta/ calculus, than r,y, &c 
for dxy </y, &c. are not infinitely small, but absolutely 0, as we have 
along been careful to impress on the mind of the student. Tlie proceas 
is, however, susceptible of improvement thus: suppose the plane (1) 
passing through one point (/, y, O ^^ ^^ curve passes also through a 
second point, of which the abscissa is j/ + A x', where Ax' means the 
increment ofx, then substituting x' -f- a*' for x', the equation (1) becomes 

X — y 4- m (y— /) -f-n (» — O — (Ax^ + mAy' 4- «AO=0 . . (2), 
which, in virtue oC (1), is the same as 

Ax' -h »«Ay' -h n Ax'= 0, 
or 

^ Ax' ^ AJ^ 

Suppose now that these two points merge into one, that is, let A^ == 0, 
then 

hence the plane becomes determinable by the conditions (1), (3). 

Again, let this plane pass through a third point, x' -f Ax', then sub- 
stituting this for y in both the equations (1), (3), they will furnish the 
additional condition 

hence, dividing by ax', and supposing this third point to coincide with 
the former, that is, supposing Ax'= 0, we have the new condition 

The equations (3) and (4), determine m and n, and thence the plane 
(1), which is such as to pass through but one point of the curve, and 
at the same time to be so placed that the most minute variation from 
this position will cause it to pass through three points of the curve. 

(202.) By whatever process the osculating plane is determined, the 
radius of the osculating circle may be easily found from considerations 
different from those at (198). For, as the linear tangent to the curve, 
must also be tangent to the osculating circle, it follows that the centre 
of this circle must be on the normal plane, as well as on the osculatii^ 
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i 

t 

plane ^ it must^ therefore, lie in the line of intersection of this nom:3|| 
plane, with its consecutive normal plane; hence, if this line be deter- 
minedy the combination of its equation with that of the osculating plane, 
will give the point sought. Now (186) the line of intersection of con- 
secutive normal planes is 

*-*'+y(y-y') + v' (2-0=0 I 

therefore, the centre is to be determined -by combining these equations 
with that of the osculating plane, viz. 

,_,' = i^_£i-(x-x')-|-?;r(y-i/'), 

being precisely the same equations as those employed before, for the 
«ame purpose. If the origin be at the point, and the tangent be the 
axis of Xf then x', y'y r', /?', 9', are each 0; therefore, the equatioiti? of 
the line -of intersection are 

i = 0,y = — ^ s+ 1, 
P P 

and the equation of the osculating plane 

this, therefore, is p^endicular to the line of intersection. (Anal. 
Geom, p, 234.) 

(203.) The expressions in (198) for the coordinates of the centre of 
the osculating circle will become very simple by introducing the 
substitutions furnished by art. (199); the results of these substitutions 
will be 



the independent variable being i, (See Note D.) 






PROBLEM IL. 



(204.) To determine the centre and radius of spherical curvature at 
any point in a curve of double curvature. 

We are here required to determine a sphere in contact with fie 
proposed curve at a given point, such that a line on its surface in the 

u 2 
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.direction of the proposed may in the vicmi^ of the point be dos^ to 
the curve than if any other sphere were employed. In the direction of 
the cunre the m and the ^ of the sphere must he both functioDs of x, 
to that the equation of the sphere is resolvable into twoy coResponding 
to the equations (2) art. (196)^ which two equations belong to ^ carve 
which osculates the proposed. The actual resolution of the equation 
into two is obviously unnecessary; it will be sufficient in that equation to 
consider x as the only independent variable. 
The general equation of a sphere is 

(x-«)» + (y-i3)«+(»-y)«=»* (1), 

and the particular sphere required will be that whose constants aie 
determined fit>m the following differential equations: 

*-•+/»' (y-/3) + /(« — y) = (2) 

i''(y-/3) + /(«-r) + H-;»'' + y^=o (8) 

/>'"0-i3) + r(«-r) + s(// + y'/)=o (4). 

These four equations fix the values of the parameters a> pf y, r, and, 
therefore^ determine both the position and magnitude of the osculating 
sphere. If the origin of coordinates be at the proposed point, and the 
linear tangent be taken for the axis of x, the determination becomes easy, 
for Xy t/, ty being each =:0, as also jf^ q'y the foregoing equations (2), 
(3), (4), become 

a = 0, p'P + /y = 1, y"/3 -h Tr = 0, 

. R— 9 P 



pq ^p q TP —9 P 

hence, by substitution in (1), 

_'Jp'"^ + q"'\ 



r 



pq —fp 

(205.) We already know that if to every point in a curve of double 
curvature normal planes be drawn, the intersections of these planes with 
the consecutive normal planes will be the characteristics of the develop- 
able sur&ce which they generate, and the intersection of any characteristic 
with the consecutive characteristic will be a point in the edge of regres- 
sion, corresponding to the given point on the proposed curve. Now 
equation (2) above being that of the normal plane, this point is determined 
by precisely the same equations (2), (3), (4), as determine the centre 
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of spherical ciurvature, these points^ therefore, are one and the same, as 
might be expected ; hence the locus of the centres of spherical curvature 
forms the edge of r^ression of the developable surface generated by the 
intersections of the consecutive normals. If then by means of one of 
tbe equations of the proposed curve and the three equations of condition 
mentioned we eliminate x^ y^ t, and then perform the same elimination 
by means of the other equation of the curve and the same conditions, 
we shall obtain two resulting equations in «, |3, y, which will be the 
equations of the edge of regression. 



PROBLEM III. 

(206.) To determine the points of inflexion in a curve of double 
curvature. 

Since a curve of double curvature as its name implies has curvature 
in two directions, if at any point its curvature in one direction changes 
from concave to convex the point is called a point of simple inflexion. 
But if at the same point there is also a like change of curvature in the 
other direction, the point is then said to be one of double inflexion. In 
other words, if but one projection of the tangent crosses the projected 
curve the point is one of simple inflexion, but if the t^uigent cross the 
curve in both projections then the point is one of double inflexion. As 
in plane curves the tangent line has contact one degree higher at a point 
of inflexion, so here the contact of the osculating plane is one degree 
higher. Hence, at such a point besides the conditions in (198) which 
fix the osculating plane, we must at a point of simple inflexion have 
the additional condition arising from difierentiating (6), viz. 

Eliminating - from this and equation (5) we have 
n 

pq =zfp , 

which condition renders the expression for the radius of spherical 
curvature at the point infinite, as it ought.* Unless, therefore, this 



* The French mathematicians consider a point of simple infl«xion to 
be that at which three consecutive elements of the curve lie in the Same 
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condition exist, the point cannot be one of inflexion ; but the point for 

which the condition holds may be one of inflexion, yet to detennine 

this the curve must be examined in the vicinity of the point. 

As to points of double inflexion, it is evident from what has been 

said (121) with respect to plane curves that audi points must fulfil the 

conditions 

p' z=0 or <K> , ^ ssO ot <K> f 

and these render the radius r of absolute curvature infinite or 0. 

Evolutes of Curvet of Double Curvature. 

(207.) In speaking of the evolutes of plane curves we observed (103,) 
that the evolute of any plane curve was such that if a string were 
wrapped round it and continued in the direction of its tangent till it 
reached a point in the involute curve, the unwinding of this string 
would cause its extremity to describe the involute. But besides the 
plane evolute hitherto considered, there are numberless curves of double 
curvature roimd which the string might be wound and continued in the 
direction of a tangent till it reached the involute, which would equally, 



plane. Pn a recent publication from the university of Cambridge the 
aatbor has attempted to deduce the above equation of condition, by 
viewing the point of inflexion after the manner of the French. He has 
however confounded the consecutive elements of a curve with what the 
same writers term consecuiive points ; moreover, after having established 
the conditions necessary for the plane 

z = Aa? -f- By + C, 

passing through one point (x, y, 2,) in the curve, to pass through also two 
points consecutive to this, viz. the conditions 

ax dx ax ds 

where y,, x,, belong to one of the consecutive points, it is inferred that 

dx* ^ dx^ </x» "" rfx» 
an inference which is quite unwarrantable, and which cannot exist unless 
the plane pass through /owr consecutive points instead of three. 



» 
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by unTTinding, describe this involute; and generally eveiy curve, 
whether plane or of double curvature, has an infinite number of evolutes, 
as vee are about now to show. 
. (308.) If through the centre of a circle, and perpendicular to its 
plane, an indefinite st^ght line be drawn, and any point whatever be 
taken in^ this Une> then it is obvious that this point will be equally 
distant fiDom eveiy point in the circumference of the circle, sa that,, if a 
line be drawn from it to the circumference, this line, in revolving round 
die perpendicular under the same angle, will describe the circumference. 
Such a point is called a pole of the circle, so that every circle has an 
infinite number of poles, the locus of which is determined when the 
place of any two are given. 

(209.) Now, as respects curves of double curvature, we have se^ 
that the centre of the circle of absolute curvature corresponding to any 
point is in the line where the iM>rmal at this point is intersected by its 
conseeutive normal, the centre itself being that point in this line where 
it pieices the osculating plane, which (202) is the plane drawn through the 
tangent line perpendicular to this line of intersection, or characteristic; 
hence the dbaracteristic corresponding to any point in the curve is the 
locus of the poles of curvature at that point, and the intersection of this 
charactariatic, with the perpendicular to it firom the corresponding point 
of the curve, is that particular pole which is the centre of absolute 
curvature, the perpendicular kself being the radius. 

As the locus of the poles corresponding to any point is no other than 
the charact^stic, the locus of all the poles corresponding to all the 
points of the curve must be the^ locus of aU the characteristics, and 
therefore (187) a developable surface. 

(210.) Suppose now through any point, P, of the curve a normal 
plane is drawn of indefinite extent, the characteristic or line of poles 
corresponding ta the point will be in this plane; let, therefore, any 
.sCxaig^t line be drawn from P to intersect this line of poles, and be 
oontinued indefinitely. If this normal plane be conceived to move^ so 
that, while P describes the proposed curve, the plane continues to be 
•normal, the characteristic will undergo a corresponding motion, and 
-will generate the developable surface corresponding to the curve des- 
cribed by P, and this motion of the characteristic will cause a corres- 
ponding motion of the point Q, not only in space, but along the 
ailntiaiy line from P, which has no motion in the moving plane. As, 



926 THE DIFPBaMTlAt CAlCUtUlS. 

therefore^ Q moves along the characteristic successive portions Off of 
the line, PQ will apply themselves to tiie sur&ce which the moveable 
characteristic generates, and there form a curve to which always the 
unapplied portion QP is a tangent. Now the normal plane hcang in 
every position tangent to the sur&ce throughout the whole lengdi of 
the characteristic, it is ohvious that, in the abote generation of tiiis 
aur&ce, nothing more in effect has been done than the bending of Ihe 
original normal plane, supposed flexible, into a developable surfitce. 
If, therefore, we now perform the reverse operation, that is, if we 
unbend the normal plane, the point P will describe the curve of doable 
curvature, and the curve QQ' traced on the developable sur&ce will 
bourne the straight line PQ; so that tiie curve of double curvature 
may be described by the unwinding of a string wrapped about die 
curve Q'Q, and continued in the direction QP of its tai^ent, till it 
reaches the point P in the proposed curve. It follows, therefore, tiiat 
tiie curve Q'Q is an evolute of the curve of double curvature proposed, 
and, moreover, that, as the line PQ originally drawn was quite aibitraiy, 
the proposed curve has an infinite ntmtber cf evolutes fitttated on the 
developable surface^ which is the locus of the poles of the proposed; hence 
the locus of the poles is the locus of the evolutes. 

If the original line PQ be perpendicular to the corresponding line 
of poles or characteristic, then, since this characteristic moves in the 
moving plane while PQ remains fixed, PQ cannot continue to be per- 
pendicular to the characteristic; but the radius of absolute curvature is 
always perpendicular to the characteristic, this radius therefore cannot 
continue to intersect the characteristic in the point Q, so that the locus 
of the centres of absolute curvature is not one of the evolutes of the 
proposed curve, 

(211.) Should the curve which we have all along considered of 
liouble curvature be plane, then, indeed, since the characteristics are 
all parallel, and perpendicular to the plane of the curve, the line PQ 
once perpendicular will be always perpendicular to the characteristic, 
so that then Q will coincide with .the centre of curvature, PQ being no 
other than the radius of curvature, the locus of the centres being the 
plane evolute before considered. But when PQ is not drawn perpen- 
dicular to the original characteristic, but is inclined to it at an angle a, 
then it always preserves this inclination during the generation of the 
fylindrical sur&ce which is the Locus of the poles, therefore eveiy 
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curvilinear evolute of a plane curve is a helix described on the sur&ce 
of the cylinder, which is the locus of the poles of the plane curve. 

Every curve traced on the surface of a sphere, has, for the locus of its 
evolutes, a conical surface whose vertex is at the centre of the sphere ; 
because the normal planes to the curve being also normal planes to the 
spheric sur&ce, all pass through the centre. 

(212.) From what has now been said, it is obvious that if from any 
point in a curve a line be drawn to touch the developable surfece which 
is the locus of its poles, and its prolongation be wound about the 
sur&ce without twisting,* it will trace one of the evolutes, and, as the 
string may be drawn to touch the sur&ce in every possible direction, it 
follows that every developable line on the surface will be an evolute. 
If the curve be plain, the evolutes are all on the cylindrical sur&ce 
whose base is the plane evolute. 

As obviously a developable line is the shortest on the surface that 
can join its extremities, it follows that the shortest distance between two 
points of an evolute measured on the sur&ce is the arc of that evolute 
between them. 

PROBLEM IV. 

(213.) Having given the equations of a curve of double curvature 
to determine those of any one of its evolutes. 

All the evolutes of the curve being on the same developable sur^e, 
the equation of this surface must be common to them all, and we have 
already seen (188) how the equation of the surface is to be determined, 
so that it only remains to find for each evolute a particular equation 
which distinguishes it from all the others, and determines its course 
on the developable surface. In order to this let us consider that each 
evolute must be such that the prolongation of its tangent at any point 
always cuts the involute, or, which is the same thing, the tangent to the 



* This is what I understand Monge to mean, when he says (^pp. de P 
Anai, de Qeom. p. 348,) <<sl I'on pile librement sur cette surface le pro- 
longement de cefte tangente." It seems not Improper to call such lines 
placed on a developable surface developable lines, and those which form 
enrves on the developed surface twisted lines. Of these two species of 
lines all the former are evolutes, but none of the latter are. 
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projection of the evolute at any point passes tfuougfa the corresponding 
point in the projection of the evolute; therefore, considering the plane 
of xy as that of projection, we have, for the tangent at any point (/, y) 
in the projected evolute, 

and, since the same line passes through a point (x, y,) in the projected 
involute, its equation is also 

dx if — X 

hence, combining this equation with that of the developable sur&ce, 
determined agreeably to the process pointed out in article 188^ 
and eliminating jr, y being a given function of x, we shall have two 
equations in y, y, sfy of which one will contain partial differential 
coefficients of the first order, and which together will represent all the 
evolutes. To find that particular one which is fixed by any proposed 
condition, it will be necessary to discover, by the aid of the integral 
calculus, the primitive equation from which the differential equation 
mentioned is deducible ; this primitive equation will involve an arbitrary 
constant, whose value may be fixed by the proposed condition, and 
thus the equations of the particular evolute vfill be determined. 

We shall terminate this section by subjoining a few miscellaneous 
propositions. 



CBjAVTait VIZ. 

MISCELLANEOUS PROPOSITIONS. 

PROPOSITION I. 

(214.) To prove that the locus of all the linear tangents at any point 
of a curve sur&ce is necessarily a plane. 

This property we have hitherto assumed; it may, however, be de- 
monstrated as follows: 
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Let the equation of any curve sur&ce be 

«=/(«^>y) . . . • (1)> 

X and y being the independent variables. 

Through any given point on this sur&ce let any curve be traced, then 
the projection of this curve on the plane of xi/ will be represented by 

y ass 0r . . . . (2), 
vAdch vfiil equally represent the projecting cylinder; henc^ the com- 
bination of the equations (1)> (2), conipletely determines the curve, and 
it» projection on the pkme of xz may be found by eliminating^ from 
these equations; the result of this elimination will be the equation 

z :=/ (x, 0*) = ^^ .... (3), 

therefore, since the linear tangent in space is projected into tangents to 
these two curves (2), (3), its equations must be 

y — V = —rr-r (X — 



y-y' = -^ix-^)~. 



daf 

where x^yYy zf, are the cok)rdinate8 of the proposed pcnnt on the surface. 

d4^x 
Now — — is the total differential coefficient derived from the function 
ax 

Z9^X(jf,y)y in which ;y is considered as a function of x given by the 

equation (2),' that is 

dyffx _ dt, _ > . , d<pT , 

dx ^dx^ "~^ "^ ^ djp ' 

hencei by ^^bBtitu^n, the equations of the ttoigeiit in sfpace become 

d(paf ,, 



dAT / • • • • (4)* 

NoWi to obtain the locusof the tangents whatever be tfie curve through 
the point (^>y> sT), we must eliminate the function ^y on which alone 
the nature of the curve depends. Executing then this elimination by 
meims of the equations (4) and there results for the required locus the 
equation 

wychis that of a plane. 

X 
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PROPOSITION II. 

213.'; GiTen the algebraic equation of a cuire surface to detenmne 
whether ornot the sur&ce has a centre. 

That point is called the centre which bisects all the chords diawn 
through lU so that if the equation of the surface is satisfied foraiij 
constant values ^j V, z'y it will equally be satisfied for the same valoes 
taken ne^aciveW, that is, for — y, — y, — y, provided the orijpn of 
coordinates be placed at the centre, so that if no point exists for tbe 
^xvpn of coordinates^ in relecence to which the equation 

/(r,y,t) = 

ot the «ui€ice remains the same whedier the signs of the variables be 
j:i»uxed all -r or all — , then we may conclude also that no centre 

The mode of proceeding, therefore, is to assume the indetemiioates 
r . V . :., for the coordinates of the unknown centre, and to transport tbe 
•^n:^a of the axes to that point by substituting in the equation of the 
<ur&k.*e J -h X. . V -h V/, * -h 2«> for ^» J'r ^' This done we may readily 
d^^iuce equatioQS of condition which will give the proper values of x,} 
» . ; . if a centre exists, or will show, by their incongruity, that the 
<urfik>? hi5 DO centre. Thus, suppose the equation of the sur£u:e is of 
^1 even de;ree, then we must equate to the coefficients of all the odd 
(.x'>wi>f^ acd combinadoBs of x, y, z, since the terms into which these 
«L::er would change signs when the variables change signs: we obtain 
;:: chs wiy the equations of condition. If the equaticMi of the sur&ce 
Nf or Axx odd decree, then we must equate to zero the coefficients of all 
tK^ c '.Yt powers and combinatioos of x, y, 2; so that only odd powers 
ji:id vx^oibLoatioos mav efiectively enter the equation, for then whether 
thuf ririiiMes be all + or all — the function/(jr, y, Zy) will still be 0. 

Now the di&fcntial calculus furnishes us at once with the means of 
o^ooBU^ the sev^iial expressions which we must equate to zero without 
*.*«wai^mbtt«iitiiigx + x«y+jr«» f + jr„ for x^y, z, in the equation of 
llttMrfhccw FocifwecoPce t TetfaeaesnbstitQticHismade in the function 

J^JS i» ttnd we know diat every such function 
te defdoped according to the powers and 
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combinations of the increments, and that the several terms of the 
development consist each of the partial differential coefficients of the 
preceding term, the first beingy(j:, , y, , z^. Hence, if the coefficients 
of the first powers of j", 3/, <?, are to be respectively zero, then we have 
to equate to zero each of the partial coefficients derived from u, = 
f{x^y y, , O = G, or, which is the same thing, fi»m u =/(j, y, ^) = 
the proposed equation; if the coefficients of the second powers and 
combinations of x, 3/, z^ are to be rendered each 0, then we shall have 
to equate to zero each partial coefficient derived from again differentia- 
ting, and so on. 

As an illustration of this, let the general equation of sur&ces of the 
second order 

Xjj^j^ Ay + AV + 2By2 + 2B'2x -f- 2B'iy ) _n — „ /i\ 

^ *""^ W ^"^ (•••••(1) 

4- 2Cx -f- 2Cy + 2C'2 + E 5 ^ ' 

be proposed, then the degree of the equation being e^en, the coefficients 
of the odd powers of the variables in the equation arising from putting 
^'\' '^ty y -VVii ^•\'^n for JT, 3/, <?, are to be equated to 0, and as the 
equation is but of the second degree these odd powers will be of the 
£fst; hence we have merely to equate the first partial differential coeffi- 
cients to 0, that is 

^^ = A« + Brs -I- B*3/ -I- C = 



dx 
du 
dy 
du 



= A> + Bs -h B'x + C = > .... (2). 
= A'z -I- B'z -h By + C'=0 



dz 

The values of x, y, z, deduced from these equations are the coordi- 
nates x^yyn^^y of ^e centre. These values may be represented by 

N N' N' 

where 

D = AB« -f- A'B'a -f- A'B'* — A A'A' — 2BB'B', 

so that the sur&ce has a centre if D is not 0, but if D =0 and the 
numerators all finite, thesurfecehas no centre, and, lastly, ifD = 
and either of the numerators also 0, then the surface has an infinite 
number of centres, and is, therefore, cylindrical. 
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The equations of condition (2) are the same as those at page 292 of 
the Analytical Geometiy. 



PROPOSITION III. 

(216.) To determine the equation of the diametral plane in a surfbce 
of the second order which will be conjugate to a given system of parallel 
chords. 

Let the inclinations of the chords to the axes he oy P, y, then the 
equation of any one will be 

x = OT«-f /»,y=nx + 9 .... (1), 

where 

cos. a COS. p 

008* 7 COS. y 

For the points common to this line and the sur&oe we must combine 
this equation with equation (1) last proposition^ and we shall haye a 
result of the form 

R»«+S« + T5=0 .... (2), 

which equation will furnish the two values of z corresponding to the 
two extremities of the diameter, and therefore half the sum of these 
values will be the j? of the middle, that is, this z is 

c 

s = -— .•. 2Rz + S = .... (3), 

2R 

which is obviously the differential coefficient derived from (2), or, 
which is the same thing, the total differential coefficient derived from 
(1) last proposition, in which x and y are functions of z given by the 
equations (1). This differential coeffici^t is, therefore, 

^du du dx du dy du 

^dz * da dz dy dz d% 

du , du , du ^ ,.. 

where p and 9, the only quantities which vary with the chord, are 
eliminated ; hence, this last equation represents the locus of the middle 
points of the chords or the diametral surface, and it is obviously a plane. 
By actually effecting the differentiations indicated in equation (4) 
upon the equation (1) last proposition, we have for the equation of the 

2 
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required diametral plane^ 

m (Ax + B'2 + B'y + C) + « (A'y + Bs + B'x + C) 
+ A'2+ By + B'x + C' = 0, 



or 



(Am + B' H- B'«) ;^ H- (A'« + B H- B'm)y + 
(A* H-B«H-B'm)2 + C»»H-C'«H-C' = 0. 



PROPOSITION IV. 

(217.) A straight line moves so that three given points in it constantly 
rest on the same three rectangular planes; required the surfece which is 
the locus of any other point in it. 

Let the proposed planes be taken for those of the coordinates, and 
let the coordinates of the generating point be x, y, z, and the invariable 
distances of this point from the three points resting on the planes of ^r, 
xz, and xy, X, Y, Z. The coordinates of these three points will be 

In the plane of yz, 0, y', tf 
xz, x^, 0, s' 

Then, since the parts of any straight line are proportional to their 
projections on any plane, each part having the same inclination to it, 
it follows that if we project successively each of the parts X, Y, Z, on 
the three coordinate planes, we shall have the relations 



X 


X 


T* 


x — x" 


X ^ 




Y 


~ Z 


y-y' _ 




y 


_ y-y" 


X "" 




Y 


^ z 


s — s' 


s 


%' 


z 



. . . . (1). 



X Y Z 

But the part X of the moveable straight line comprised between the 
generating point (a-, y, z,) and the point (0, y, z'), resting on the plane 
of y, Zf has for its length the expression 

or 

._^ , (y-y'!' , ('—-')' .2) 

X 2 
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4 



but from the equations (1) 

X y X z' 

hence, by substitution, (2) becomes 

*• y* »• 

X«^Y«^Z>" ' 

consequently, the surfece generated is always of the second order. The 
sur&ce would still be of the second order if the three directing planes 
were oblique instead of rectangular, as is shown by M, Dupin in his 
DeveloppementSy p. 342, whence the above solution is takeq. 



PROPOSITION V. 

(218.) To determioe the line qfgreateU inclination thiough any point 
on a curve 8ui£ioe. 

The property which distinguishes the line of gseatest unclination 
through any point is this, viz. that at eveiy point of it the linear tangent 
makes with the horizon a greater angle than any other tangent to the 
sur&ce drawn through the same point of the curve. Now, as all the 
linear tangents through any point are in the tangent plane to the sur&ce 
at that point, that one which is perpendicular to the trace of the tangent 
plane will necessarily be the shortest, and therefore approach nearest to 
the perpendicular, that is it will form a greater angle with the horizon 
than any of the others. We have, therefore, to determine the curve to 
which the linear tangent at every point is always perpendicular to the 
horizontal trace of the tangent plane to the sur&ce through the same 
point, or, which is tiie same thing, the projection of die linear tangent 
on the plane of xy must be perpendicular to the trace of the tangent 
plane. 

Now the equation of the projection of the linear tangent at any 
point is 

and, by putting j: = in the equation of the tangent plane, we have 
for the trace in the plane of xy the equation 
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and, since these two lines are to be always perpendicular to each other, 
we must have throughout the curve the general condition 

dy 9' ,dy , 

p* and g' being derived from the equation of the surface; so that the 
values of these being obtained in terms of x and y, and substituted in 
the equation just deduced, tiie result will be the general differential 
equation belonging to the projection of every curve of gieatest incUoa* 
tion that can be drawn on the proposed sur£u:e. To determine that 
passing through a particular point, or subject to a particular condition, 
we must, by help of the integral calculus, determine the general primitive 
equation from which the above is deducible^ this primitive will involve 
an arbitrary constant which may be fixed by the proposed condition, 
and thus the particular line be represented. 



PROPOSITION VI. 

(219.) The 9ix edges of any irregular tetraedron or triangular pyramid 
are opposed two by two, and the nearest distance of two opposite 
edges is called breadth; so that the tetraedron has three breadths and 
four heights. It is required to demonstrate that in every tetraedron the 
sum of the reciprocals of the squares of the breadths is equal to the 
sum of the reciprocals of the squares of the heights. 

Let the vertex of the tetraedron be taken for the origin of the rectan- 
gular coordinates, and let also one of the faces coincide with the plane 
of x7, then the coordinates of the three comers of the base will be 

0, 0, zf, I x", 0, z% I a", y", %", 

and the equations of the three edges terminating in the vertex will be 



y = 



x' 

2 



y = o 



X 



M *• 



z 

ftf 



y 



Now the perpendicular distance between each of these edges and the 
opposite edge of the base will evidently be equal to the perpendicular 
demitted from the origin on a plane drawn through the latter edge and 
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parallel to the former. Hence, denoting the three planes through the 
edges of the base by 

Ax + By-fC5=l I Ex + Fy+Gs=l | Ix + Kt/ + L:= 1, 

they must be drawn so as to fulfil the conditions (See Anal, Geom. 

p. 232) 

G5'=l Ix' +Ls' = l 

Ex" -f Gs* =0 






Jx' 

Ix'"-hKy"H-L5" = l 
Ls'=0 



These conditions fix the following values for A, B, C, &c., viz. 



X 4» 



I Is' 

X jFt xz X y z xy 



y 2 



ft' K 

X z 






r--i E- * F- * 4- " - 

1 1 *"' 

x' y X y 

Hence; calling the breadths B, B', B', we have (Anal, Geom. p. 236;) 

— = A« + B« + c«= (yV-y^v')^+(^'v^-^^v-^VT+(rV")' 

B« {x"y"zf 

-J- -P2 . p. . ^« _ ( y ^vQ' + (xv + x - v - xv-y 4- wyy 

U * (x ^ S ^-^ 

B"* ^ -r i- — (x VV)« 

Hence -gj- -|- -^^ + -^ttj = 

Again, the expressions for the heights or perpendiculars demitted 
from each of the points 

(0, 0, 0) ; (0, 0, z') ; (x", 0, z") ; (x'", y"\ z'") , 

upon the plane which passes through the other three are, severally, 
(Anal, Geom. p. 2 36. J 

V y zY 



H3=: 



(J- ^ s'/ 2/'"« + {(z'" - z') x" + {z' - =0 x'"}« + cy-'x"/ 
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L + _i_+_L+_L = 



which expression is the same as that before clediicetl, and thus the 
theorem is established by a process i)urely analytical. This remarkable 
property was discovered by ill. Brianchon, and formed the subject of 
the prize question in the Indies* Diary for 1830: a solution upon 
different principles may be seen in the Diary for 1831. 



END OF THE DIFFERENTIAL CALCt'LVS. 
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} 



NOTES. 



Note (A), page 18. 

The expressions for the differentials of circular functions are all readily 
derivable, as in the text, from the differential expressions for the sine and 
cosine. We here propose to shew how these latter may be obtained, in- 
dependently of the considerations in art. (14.) 

By multiplying together the expressions 

COS. A + sin. A V — 1, cos, A^ -\- sin. Aj n/ — 1, 

the product becomes 

cos. A cos. Aj — sin. A sin. A^ 

as- (cos. A sin. Ai + sin. A cos. Aj) v — 1. 
But (Crregory's Trigonometry, p. 42.) 

COS. A cos. A, — sin. A sin. A^ = cos. (A + A^) 
COS. A sin. Aj 4" sin. A cos. Aj = sin. (A + A, 

hence the product is 

COS. (A + Aj) + sin. (A + A,) nZ—I, 

= COS. A' + sin. A' V — l. 
Consequently, the product of this last expression, and 

COS. Aj + sin. A, v — 1, 
is 

COS. (A' + Aa) + sin. (A' + Aj) n/"I=1, 

= COS. A" + sin. A" n/"^, 
the product of this last, and 

COS. Ag + sin. Ag V — 1, 



:;>}... (I), 



IS 



cos. A"' + sin. A"V — 1. 



Y 
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Hence, generally, 
(co^. A -I- sin. A >/^) (cof. A, + "In* A, >AlT) (cos. A, -f 8in.A,N/^) 

COS. (A-fA,-|-A,4-A,4-Ac.)sui.(A-f-A|-f-A,-f-A,-f-<fec.)>/^=T ^ 

Supposing, now, 

A ^ A| ^ A, ^ A, ^ Ac* 
this equation becomes 

(cos. A -f- ■i'*» A V — 1)» ^cos. nA -f- "in* «A >/ — 1, 
or, since the radical may be taken either + or — 

(cos. A ± sin. A >/ — 1)» = cos. nA ± sin. nA >/ — 1, 
which is the formola of Deimoivre, n being any whole number. 

Pat a s — A then 
m 

(cos. a ± sin. a v — 1)"» = cos. ma ± sin. iita n/ — 1, 

^ COS. nA ± sin. nA ^/ — 1 ^ (cos. A ± sin. A >/ — 1 )», 
therefore, extracting the mth root, 

cos. — A ± sin. — A n/ — 1 = (cos. A ± sin. A n/ — 1)" 

which is the formula when the exponent is fractional. 

Having thus got Demoivre^s formula, we may immediately deduce from 
it, as in art. (22), the series 

cos. nA =co8.**A ^-— co8.»-*A sin.*A -{- <fec. 

1* , A « (« — 1) (« — 2) 
sin. nA = n cos.«-»A sin. A ^^ --'-^ ^cos.»-^A sin.^A + «fec. 

Let n = ^, sin. A =0 = A .•. nA = ^ = any finite quantity x, hence, 
by these substitutions, the foregoing series become 

consequently, 

d sin. ar= (1 — Y^ +Y 2 3^ — <fecO dx=:eo9.xdx, 
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a3 a-5 



C0«. .; = - (x-;p^^ + 7 .2.3.4.6 - *^-> '' = - «^°- '^•^''•- 

had intended to have given here another method of arriving at the dif- 
;ntial8 of the sine and cosine, and to which allusion is made at page 

but, upon close examination, I find that the process I had then in 
w is liable to objection, and is therefore best omitted. 



Note (B), page 89. 
Demonstration of the Theorems of Laplace and Lagrange. 

Let it be required to develop the function 

u = *2 where 2 = F (3/ + a/z), 

"By differentiating the second of these equations, first relatively to <}', and 
ben relatively to y, we have 

Multiplying the first by ~ and the second by -—, and subtracting, there 

ay dx 

results 

dz ^ dz ds dz 

fi -— =0.'. -r = fz-r • • • . (l)> 

dx -^ dy dx '' dy ^ ^^ 

but since u or "9% depends only on 2r, we shall have 

du ,, dz du ,, dz 
dx dx dif dy 

f beiefoie^ eliminating i^z, we get 



du dt du dz ^^ 
dx dy dif dx * 



* At page 88 we put /'s to represent the differential coefficient ot fi 
relatively to »; heie tbs same symbol denotes the coefficient rehitlTely 
tor. 
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or patting for — ite Talae (1}> and making for abridgment /z ^Z, this 

laft expression becomes divisible by -- and reduces to 

du du 

- = Z-....(A). 

du du 

so that we may always substitute for -r- the quantity Z -r- . 

ax ay 

If we differentiate the preceding equation relatively to x, we shall obtain 

— du 
dZ -- 

l^^-^dT' ^*^' 

but the expression Z -!f being no other than fz.'^z zL, that is to say a 

dy dy 

function of z multiplied by — , we may consider it as the differential co- 

efficient of some new function of z, which we may represent by « p and 
we shall then have 

dy dy dx dxdy 

therefore (2), inverting the order of the differentiations in this last ex- 
pression , 

dUt 
d — i 
d'^u dHt^ dx 

■5^""^""~d^ ^^^' 

now it must be observed that the relation (A) exists, whatever be the func- 
tion u \ it therefore exists for the function ttp hence 

^ = Z ^. 
dx dy 

Substituting then in (3) for -!-L its value here exhibited, and afterwards 

dx 

for f^ its equal Z ^, there results 
dy dy 

rfZ^ rfZ»^ 
^^ dy dy . 

1^'^ dy """^r — ^ ^' 
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leientiating this last equation relatively to x, we shall obtain 

«»„« till 
(t^u dy 

I?'" dxdy ' 

onsidering, as before, the function Z' — to be the different ial coefTi- 

of some new function of t, viz. tt^y we shall have, by inverting the 
' of the diiferentiations, 

the equation (A) subsisting for every function u, must have place for 

fimction r/,* hence 

du^ du^ 

dx dy * 

iiefore (4), 

d«Z3- 

The analogy among the expressions (A), (B), (C), is obvious, and we 
lall now shew that this analogy continues uninterrupted ; that is, gene- 
illy, if 

rf»— *i* dy 



len 



darnel dyn^ 

du 

da* di/»-* • • • • V /• 

'or considering, as before, the function Z"-' ^ to be the diiferentiul 
oeffident of some new function of z, viz. tf^ ~ i, so that 

•yiu-i *''''— <^"«— ' /«\ 

^ ^=-^^1 ^*^' 

re have, by diflbientiating (M), 
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bat the equation (A) nibfiitiiig for every function of t subtifts for tt«.| 
therefore 

due dif 

hence (5) 

Let now x = in the original function^ and in each of the coefficients 

du d'u d*u 

-T-f , m • • • • , , f then we have 

dx dr dr 

[••] = *:Fy = ^>[«] = Fy.-./[i]=/:Fy = i(l^, 
an4 

Consequently, by Maclaurin's theorem, 

tf as ^v + u^v — T^ • h .1 ^ , U 

^^ ^ ^2f ^y 1 -r ^^ • 1 • 2 ^ 

which is the theorem of Laplace, 

The preceding investigation is taken with some slight variation from the 
large worlc of Lacroix, vol. I. p. 279. 

In the particular case where 

«:=**■« and s; =:y 4" ^»> 
we have 

[ tt ] =^y, [ sr] = Fy = y,/[ J ] =^y =r/t,; 

hence the development is then 

d <■/•«>' ^ 
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corresponds with the theorem of Lagrange ^ given at page 89, ^ 

there put for ~r-, and -— -^ being put for it here. 
dy dy 



Note (C), page 128. 

appose the function / (x -|- A) fails to be developable according to 
ylor's series for the value x=^a, and let the true development be 
.resented by 

/'(a4-A)=/aH-AA* + i3A*"^^H-CA*+''+^ + &c. . . . . (1), 

a terms being arranged according to the powers of h. It is required 
^tually to find these terms. 

Liet the difference/ (a -|- A) — fa be divided by such a iMwer of h, that 
tie quotient will become neither nor oo ; when A = 0, such a power 

jf h can be no other than h*, or that which ought to appear in the first 
-jorm of this difference, for if the developed difference were divided by a 
lower power of h than this, the quotient would evidently be 0, when A=:0, 
and if it were divided by a higher power, the quotient would be infinite 

when A = ; hence the proper divisor hf^ being found, if we put A =s in 
the quotient, the result will be simply A; having thus found the true first 
tenn of the difference, let it be transposed to the other side, and we shall 
then have the difference 

■til±i)ZL^-. A«BA^+CA^+^ + dfcc. 
A* 

Now the fint side of this equation being known, we have, as before, to find 
fhit power of Ay that it may be divided t^, so that the quotient may be neither 

Bor infinite, when A ^ tUs power will be Ar , and, putting A ae 1 
the quotient, tlw resoit is B, and in this manner it is plain that all It 
tenu of the eeries ore to be determined. 

Let now 9 =B /x be the equation of a plone onrve, and Y ss Fx t 
eqaoAlon of onother lunring a common point with the former, at whf 
x^Af then 

Fai^/a} 
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*■ -J^ 
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Note (D), page 221, 

As the process from which the expressions for a, fS, y, given in article 
)3, are deduced^ is not immediately obvious, we shall here exhibit it 
; length for the first of these expressions. 

From the formulas for p" and /, at article 199, we immediately get for 
// + ?y the value 

C^J/) (dy) (di ) — ((Px) {dyY + (dh) (dz) (dx) — ((Pi ) (dzY 

(dxy 

^ Qf^) {(d^!/) jdy) -h {dH) (dzy]^(dh) {(dyy+(dzy} 

(dxy 

_ (dx) {(ds) (dh) — ((Px) (dxy}*—(d^x) {(dsy —^ (dxY) 
■" (dxy 

__ (dx) (ds) (dh)—(d^x) (d8y _ (ds) {(dx) (efg)-(rf«x) (ds)} 
■" (dx)* "■ (dxy 

'herefore, putting, for brevity, 7-7-rv. instead of the denominator, in the 

(dx)^ 

xpression for <t, in article 198, we have 

, (dsy (d:^x) (ds) ^ (dh) (dx) 
*=^ + ^^ (diy 

fjPx 
r= J -f »^ -— -, article 66, 

ind by a similar process the expressions for /3 and y are obtained. 

The expressions « — x, /3 — y, 7 — z are obviously the projections of 
Che nhva of cwatiiTe r on the axes of x, y, z. But, if we represent the 



* Because from 

(d*)»=(ifo)« + (dif)«+(d=)« 

(ds) (dh) = (dx) (dh) + (dy) (d^jf) + (dz) (dhy 



1 






/laJ-A), uidwriibdlhin 
F f • + * ) = F" + A'*"' + B'*"' 
■Bil it mi} br ■hrvn pnf uelf, w 
of iNilinK tmai in the two dei 
dnv lop mints tbcpuelve* ipproac 
tblou!ih Ibe |<oint common to tbe 
Filher in tbp nrinity of that polof 
□■)r the aunr number of iMdJog I 

Lafraupe obwirn (_TAitne Ji 
we niaj call contact of the Int on 
apiToximition of two cniTBi, for 
Irnni, d:c. lar the nme in the de 
<pnt the anlinatet. Allotbaiaat 
■amr rrmark, but it ii eironeoni, i 

Let the dereloped onJinatoi be 
A + BA' + 
A+BA» + 



A+4U+ai 
A + M + BA 
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inclinations of the radios to tlie axes by \, /i, v, the expressions for the 
projections will be 

r COS. X, r COS. ft, r cos. v, 

so that (203) we have, for the angles of inclination, the valaes 

tPx d*y dH 

I, u^r .•; , COS. V = r 



cos.X s= r 



dt» ' 



COS. /[« 



d4» 



ds^ 



By employing these expressions M . Cauchy has arrived by rather a novel 
process at the theorem of Meusnier, g^ven at p. 179. 
Let the equation of any carve surface be 

tt = F(r,y,z)=0, 

upon which is traced any curve MG', determined by -^y^ 
the equation 

joined to the preceding. 

(f through the tangent MT to this curve, and also 
through the normal MN of the surface, we draw a plane, we shall be fur- 
nished with a normal section MG, of which the radius of curvature r, at 
M, will be some portion of the normal MN. Also the radius of curvature 
r^ of the assumed curve MG', at the same point, will be some portion of 
the line MN', perpendicular to the tangent MT. 

Now, considering « to be the independent variable, we have, for the in- 
clinations of / to the axes the expressions above, viz. 

, d^x , d^y , d^z 




ds*^' d^'' ds* 
and the inclinations of r or of MN to the axes are (127) 



du 



du 



dx*^ dy ' 



du 
~dz 



Hence, calling the angle N'MN, between the two radii, a», we have (AnaL 
Geoni. p. 239) 



cos. w = t; r' (• 



du 



d^x du 

T" 



d^y du 



d^z 



dx ds^ dy ds^ dz ds^ 



)• 



But the equation of the surface, considered as one of the equations of the 
curve MG', gives after two successive differentiations, still regarding s as 
the independent variable. 
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du d^x du d^y , du d^z 



I 



dx ds^ dy ds'^ dz ds^ 

dhi dx^ d^u dy^ dH d-J 



dx^ ds^ dy^ ds^ dz^ ds^ 

d^u dxdy dht dxdz d?ii dydz 



dxdy ds^ dvdz ds^ dydz ds^ 

r whatever be the curve MG', provided only its tangent MT ^ x* 

lins unchanged, the second member of this last equation will remain 

dx dy dz 
langed, because the values of — > -f-f — , which are the same as 

(IS US uS 

of — T> —rr> —7-r» remain unchanged. Therefore this second 
dx dx dx 

ruber being substituted in the expression for cos. o> leads to a result 

-3ie form 

/ = K COS. (i)f 

fc^eing a constant expression for all the curves on the proposed surface 
^Ich touch MT at the point M. Put now, in this expression, a> = 0, 
^nr becomes r, therefore 

r r= K, consequently r'^r cos. w, 

^ich result comprehends the theorem of Meusnier, since, if the curve 
O' is plane, its plane will coincide with N'MT, and the angle o> of the 
"o radii will become the angle formed by the plane N'MT of the oblique 
Ction with the plane NMT of the normal section passing through the 
tne tangent MT. — Leroy, Analyse Appliqu^e a la G^om^trie, p. 268. 
We may take this opportunity of remarking that, in our investigation 
' this theorem, at p. 179, it might easily have been shewn, without refer- 
tag to article 86, that 

dx^ 

ecause, by the right-angled triangle, 

a^ = x^ see.' e = x« (1 + tan.« e) 

</x'* ds^ 

= l+tan.»e = 



dxs ' dr» 



i 
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NoT£(E),;Mr^e 106. 

Tiie erroneous doctrines adverted to at page 106 is laid dowu abo by 
Lacrotjr, in his quarto treatise on the Calculos, vol. 1, p. 340, from wliom, 
indeed, Mr. Jephson seems to have adopted it. The principle as stated 
by Lacroix is "que la wkie de Taylor derient illosoiie poor toute valeiir 
qui rend imaginaire Pan qnelconqne de ces terms ; et que cela peut arriver 
sans que la fonction soit eUe-m^me imaginaire.** It is very remarkable 
that analysts sboold have hitherto held such imperfect notions respecting 
the failing cases of Taylor's theorem. 



THE END. 



J. AND C. ADLARD, PRINTERS, BARTHOLOMEW CLOSK. 
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